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Truncation Errors and 
the Taylor Series 

• 

Truncation errors are those that result from using an approximation in place of an exact 
mathematical procedure. For example, in Chap. 1 we approximated the derivative of ve
locity of 1.\ falling parachutist by a finite-divided-difference equation of the form [Eq. ( 1 . 1 1)] 

(4.1) 

A truncation error was introduced into the numerical solution because the difference equa
tion only approximates the true value of the derivative (recall Fig. 1.4). In order to gain 
insight into the properties of such errors, we now tum to a mathematical formulation that 
is used widely in numerical methods to express functions in an approximate fashion-the 
Taylor series. 

4.1 THE TAYLOR SERIES 

Taylor's theorem (Box 4.1) and its associated Cannula, the Taylor series, is of great value in 
the study of numerical methods. In essence, the Tay/or series provides a means to predict a 
function value at one point in terms of the function value and its derivatives at another 
point. Tn particular, the theorem states that any smooth function can be approximated as a 
polynomial. 

A useful way to gain insight into the Taylor series is to build it tenn by tenn. For 
example, the ftrst term in the series is 

(4.2) 

This relationship, called the zero·order approximatioll, indicates that the value off at the 
new point is the same as its value at the old point. This result makes intuitive sense because 
if Xi and XI+1 are close to each olher, it is likely that Lhe new value is probably similar to the 
old value. 

Equation (4.2) provides a perfect estimate if the function being approximated is, in 
fact, a constant. However, if the function changes at all over the interval, additional terms 

73 
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74 TRUNCATION ERRORS AND THE TAYLOR SERIES 

Box 4.1 Taylor's Theorem 

Taylor's Theorem 
If the function/and its first /I + I derivatives are conlinuous on nn 
interval containing a and x, then the value of the function ut x is 
given by 

rea) lex) =/(a) + !'(a)(x - a) + T!(X - a)' 
pll(a) ) + (x - a) + ... 3! 
/'<)(0) 

+ (x - lit + Rtl ll! 
where the remainder RII is defined as 

(B4.1.1 ) 

(84.1.2) 
where t = a dummy variable. Equation (84.1.1) is called the TaylQr 
series or Taylor'sfomlUla. Tr the remainder is omitted, the right side 
of Eq. (B4. 1.1) is the Taylor polynomial approximation to I (x). In 
essence, the theorem states that any smooth function can be ap
proximated as a polynomial. 

Equation (84.1 .2) is but one way. called the imegral/orlll, by 
which the remainder can be expressed. An alternative formulation 
cun be derived on the basis of the integral mean· value theorem. 

First Theorem of Mean for Integrals 
If the function g is continuous and integrable on an interval can· 
taining tI and x, then mere exists n point � between a andx such that 

/.' ge,) dl = g(�)(x - a) (84.13) 

In other words. this theorem states that the integral can be r 
sented by an average value for the function g($') times the inl 
length x-a. Because the uveruge must occur between the 
mum and maximum values for the interval. there is II point x: 
which the function takes on the average value. 

The first theorem is in fact a special case of a second r 
value theorem for integrals. 

� 
Secon� Theorem of Mean for Integrals 
If the functions g and h are continuous and integrable on an int 

containing a and x, and " does not change sign in the interval 
there exists a poin t f belween a and x such thaI 

/.' g(l)h(l) dl = 8(,) /.' h(t) dl (B 

Thus. Eq. (B4.1.3) is equivalent to Eq. 034.1.4) with h(t) = 1 
The second theorem can be applied to Sq. (B4.1.2) with 

ge,) = /'<+"(1) h(l) = (x - I)" 

n! 
As t varies from II to x, he!) is continuous and does not change 
Therefore, if f(�+I)(r) is continuous. then the integral mean
theorem holds and 

/(11+1 ) (t) 
R = <; (x - (/)<+1 

II (11 + I)! 
This equation is referred to as the derivative or lAgrallge /0 
the remainder. 

of the Taylor series are required to provide a belter est.imate. For example, the firsT·, 
approximation is developed by adding another term to yield 

f(x;+d '" f(Xi) + !'(Xj)(XI+1 - Xi) 
The additional first-order term consists of a slope f'(xl) multiplied by the distance beL 
XI and XI+1' Thus. the expression is now in the form of a straight line and is capable 0: 
dieting an increase or decrease of the function between XI and Xi+l. 

Although Eq. (4.3) can predict a change, it is eXl!-ct only for a straight-line, or 1I 
trend. Therefore, a second-order term is added to the series to capture some of the c 

ture that the function might exhibit: 
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In a similar manner, additional tenns call be included to develop the complete Taylor series 
expansion: 

!(Xl+l) = I(x,) + f'(XI)(XI+1 -Xi) + r��i) (XI+I -Xi)2 

j(3)(X;) 3 j(n)(x;) II + 3! (X/+I - Xi) + . . .  + n!  (Xi+1 - XI) + R,r (4.5) 

Note that because Eq. (4.5) is an infinite series, an equal sign replaces the approximate sign 
that was used in Eqs. (4.2) through (4.4). A remaind1f term is i ncluded to account for all 
terms from II + 1 to infinity: . , 

• (4.6) 

where the sUbscript n connotes that this is the remainder for the nth-order approximation 
and � is a value of x that lies somewhere between Xi and .tiT!- The introduction of the � is so 
important thai we will devote an entire section (Sec. 4.1.1) to its derivation. For the lime 
being, it is sufficient to recognize thaI there is such a value that provides an exact determi
nation of the error. 

It is often convenient to simplify the Taylor series by detining a step size II:::; Xj+1 - Xj 
and expressing Eq. (4.5) as 

., 
I"(x ) 1(3) (x ) I''') (x ) !(XiH):::; f(x;) + j'(x{)h + __ I 112 + i 113 + . . . + i hll + RII 2! 3! II! 

where the remainder term is now 

1,,+1)(» R _ ' ,1/+1 , - I 
(n + I)! 

Taylor Series Approximafion of a Polynomiol 

(4.7) 

(4.8) 

Problem Statement. Use zero- through fourth-order Taylor series expansions to approx
imate the function 

I(x) = -0. lx' - 0.15x' - 0.5x' - 0.25x + 1.2 

from XI = 0 with h = 1. That is, predict the function's value at X/+I = I. 

Solution. Because we are dealing with a known function, we can comput� values for 
I(x) between 0 and I .  Tbe results (Fig. 4.1) indicate that the function stal1S ilt 1(0) = 1.2 

and then curves downward tof(l) = 0.2. Thus, the true value that we are trying to predict 
is 0.2. 

The Taylor series approximation with n = 0 is [Eq. (4.2)J 
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flxl 

1.0 

0.5 

!(Xi) Z�HO order t-..;., ... =".....:�:..:::;;::::..---... fix" ,I - ft.,,1 
First Order 

oL-�----------------��----

" 

FIGURE 4.1 
The approximation of f(xl = -0.1 X4 - O. 15x3 - O.5x2 - O.25x + 1.2 ot x = 1 by zero-< 
firsl-order, and second-order Taylor series expam.ions. 

-, 
Thus, as in Fig. 4.1, the zero-order approximation is a constant. Using tlus formulati< 
sults in a truncation error [recall Eq. (3.2)] of 

E, = 0.2 - 1.2 = -1.0 

atx = I. 
For n = 1, the first derivative must be determined and evaluated at x = 0:' :.. .. 
1'(0) = -0.4(0.0)' - 0.45(0.0)' - 1.0(0.0) - 0.25 = -0.25 

Therefore, the first-order approximation is [Eq. (4.3)] 

which can be used to compute /(1) = 0.95. Consequently, the approximation beg 
caplllre the downward trajectory of the function in the form of a sloping straigh 
(Fig. 4.1). This results in a reduction of the lruncation error [0 

E, = 0.2 - 0.95 = -0.75 

For n = 2, the second derivative is evaluated atx;;;;; 0: 

/,(0) = -1.2(0.0)' - 0.9(0.0) - 1.0 = -1.0 

Therefore, according to Eq. (4.4), 

f(x;+d :::: 1.2 - 0.2511 - 0.5112 

and substituting h = 1,/(1) = 0.45. The inclusion of the second derivative now adds 
downward curvature resulting in an improved estimate, as seen in Fig. 4.1. The trun( 
error is reduced fUlther to 0.2 - 0.45 = -0.25. 
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Addilionallenns would improve the approximatio� even morc. In fact. the inclusion 
oflhe third and the fourth derivatives resillts in exactly the same equation we started with: 

J(x) = 1.2 - 0.2511 - 0.51.' - 0.15h' - O.lh' 

where the remainder IeI'm is 

R, = J(')(I;) h' = 0 
5! 

because the tifth derivative of a fourth-order polynomial is zero. Consequently, the Taylor 
series expansion to the fourth derivative yields an cdc! estimate at Xi+1 :;;;; I: 

J(l) = 1.2 - 0.25(1) - 0.5(1)' - 0.15(1)' - 0.1 (1)4 ' 0.2 

rn general, the nth-order Taylor series expansion will be exact for an nth-order poly
nomial. For other differentiable and continuous functions, such as exponentials and sinu
soids. a finite number of terms will not yield an exact estimate. Each additional term will 
contribute some improvement, however slight, to the approximation. This behavior will be 
demonstrated in Example 4.2. Only if an infinite number of lerms are added will the series 
yield an exact result. 

Although the above is truc, the practical value of Ta.�lor series expansions is that, in 
most C(lses, the inclusion of only a few terms will result in an approximation that is close 
enough to the true value for practical purposes. The assessment of how many terms arc re
quired to gel "close enough" is based on the remainder term of the expansion. Recnll thut 
the remainder term is of the general form of Eq. (4.8). This relationship has two major 
drawbacks. First, � is not known exactly but merely lies somcwhcre between x, and Xi+J. 
Second, to evaluute Eq. (4.8), we need to determine thc (/I + l)th derivative off(x). To do 
this, we need to know f(x). However, ir we knew lex), there would be no need to perform 
the Taylor series expansion in the present context! 

Despite this dilemma, Eq. (4.8) is still useful for gaining insight into truncation errors. 
This is because we do have control over the term" in lhe equation. In other words, we can 
choose how far away from x we want to evaluate j(x), and we can control the number of 
terms we include in the ex:pansion. Consequently, Eq. (4.8) is usually expressed as 

RII = O(h"+I) 

where the nomenclature O(h"+I) means Ihat the truncation error is of the order of hll+l. 
That is, the error is proportiOlHll to Ihe step size It raised to the (11 + l)th power. Although 
this approximation implies nothing regarding the magnitude of the derivuti,'cs lhal multi
ply 11"+1, it is extremely useful in judging the comparative error of numerical methods 
based on Taylor series expansions. For example, if the error is 0(11), halving 'he slep size 
will halve the error. On the other hand, if the error is 0(112), halving the step size will quar-
ter the error. 

. 

In general, we can usually assume that the truncation error is decreased by the addition 
of tenns to the Taylor series. In many cases, if II is sufficiently small, the first- and other 
lower-order terms usually account for a disproportionately high percent of the error. Thus, 
only a few terms are required to obtain an adequate estimate. This property is illustrated by 
the following example. 
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EXAMPLE 4. 

TRUNCATION ERRORS AND THE TAYLOR SERIES 

Use of Taylor Series Expansion to Approximate a Function with an Infinite N 
of Derivatives 

Problem Statement. u� Taylor series expansions with Ii = 0 to 6 to appro 
f(x) = cos x at Xi+l = rr /3 on the basis of the value of f(x) and its derivatives .. 
rr/4. Note that this means that" = rr/3 - rr/4 = 11'/12. 

Solution. As with Example 4.1, Ollr knowledge of the true function means that' 
determine the correct value f(rrj3) = 0.5. 

The zero-order approximation is [Eq. ( 4.3)] • 
IG) - cos G) = 0.707105781 

., 
which represents a percent relative error of 

e, = 0.5 - O. 707106781 100% = -4l.4% 
0.5 

For the first-order approximation. we add the first derivative term wherej'(x) = -

IG) :: cos G) - sin G)( �) = 0.521986659 

which has Sf = -4.40 percent 
For the second-order approximation, we add the second derivative term 

F'(x) = -cosx: 

(") (") (")( " ) cos (,,/4) ( " )' 
I '3 � cos 4' - sin 4' T2 - 2 T2 = 0.497754491 

with G, = 0.449 percent. Thus, the inclusion or additional terms results in an im 
estimate. 

The process can be continued and the results listed, as in TabJe4.1. Notice that 
livatives never go to zero as was the case with the polynomial in Example 4.1. The 
each additional term reslIlts in some improvement in the estimate. However, also 
how most of the improvement comes with the injtial tcnns. For this case, by the ti 

TABLE 4.1 Taylor series approximation of f(x) = cos x ot XI+l = 7r/3 using a base p 
of ]'(/4. Values are shown for various orders (nJ of approximotion. 

Order n 

o 

I 

2 

3 

4 

5 

6 

I(O,(x) 
coo x 

-sin x 
-cos x 

sin x 
coo x 

-sin I( 
-cos x 

1(./3) 

0.707106781 

0.521986659 

0.497154491 

0.49<1869147 

0.500007551 

0.500000304 

0.49<1QQ9Q88 

e 

-41.4 

-4.4 

O.44( 

2.62 

-1.51 

-6.08 

2.44 
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have added the third-order term. the error is reduced to 2.62 x 10-2 percent. which means 
that we have attained 99.9738 percent of the true value. Consequently, although the addi· 
tion of more terms will reduce the error further, the improvement becomes negligible. 

4. 1 . 1  The Remainder for the Taylor Series Expansion 

Before demonstrating how the Taylor series is actually used to estimate numerical errors, we 
must explain why we included the argument � in Eq. (4.8), A mathematical derivation is pre
sented in Box 4.1. We will now develop an alternative �position based on a somewhat more .. 
visual interpretation. Then we can extend this specific case t� the more general fonnulation. 

Suppose that we truncated the Taylor series expansion (Eq. (4.7)] after the zero·order 
term to yield .. 

J(x;+ll ::: J(x;) 
A visual depiction of this zero-order prediction is shown in Fig. 4.2. The remainder, or 
error, of this prediction, which is also shown in the illustration, consists of the infinite se
ries of tenns that were truncated: 

R J
'
( 

. )/ + J"(x;) / , + J(3)(x;)/]+ 
o = 'xl ' -- , I "  . 

21 3! 

It is obviously inconvenient to deal with the remainder in this infinite series formal. 
One simplification might be to truncate the remainder itself, as in 

Ro ::: l'(x/)h (4.9) 

FIGURE 4.2 
Graphical depic�on 01 a zeroorder Taylor series prediction and remainder. 
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Although, as stated in the previous section, lower�ordel' derivatives usually accoLln 
greater share of the remainder than the higher-order terms. this result is still i, 
because of the neglected second- and higher-order terms. This "inexactness" is impl 
the approximate equality symbol C") employed in Eq. (4.9). 

An alternative simplification that transforms the approximation into an cquivui[ 
based on a graphical insight. As in Fig. 4.3, the derivative mean-value theorem statl 
if a function/ex) and its first derivative are continuous over an interval from Xi to Xi+ 
there exists at least one point on the function that has a slope, designated by J\�), 
parallel to the line joining!(x;) and!(xi+d. The parumeter � marks the x value whe 
slope occlIrs (Fig. 4.3). A phy�ical illustration of this theorem is Ihat, if you travel be 
two points with an average velocity, there will be at least one momenl during the COL 
the trip when you will be moving at that average velocity. 

By invoking this theorem it is simple to realize that, as illustrated in Fig. 4.3, thf 
t(�) is equal to the rise Rn divided by the run II, or 

1'(1;) = Ro 
h 

which can be rearranged to give 

Ro = f'«)h 
Thus, we have derived the zero-order version of Eq. (4.8). The higher-order versio 
merely a logical extension of the.reasoning lIsed to derive Eq. (4.10), The firSI-Ord( 
sian IS 

FIGURE 4.3 
Graphical depiction of the derivative mean·value theorem. 
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For this case, the value of � conforms to the x value corresponding to the second derivative 
that. makes Eq. (4.11) exact. Similar higher·order versions can be developed from Eq. (4.8). 

4.1.2 Using the Taylor Series to Estimate Truncation Errors 

Although the Taylor series will be extremely useful in estimating truncation elTors through
out this book, it may not be clear to you how the expansion can actually be applied to nu
merical methods. ln fact, we have already done so in our example of the falling parachutist. 
Recall that (he objective of both Examples 1.1 and 1.2 was to predict velocity as a function 
of time. That is, we were interested in dctemlining IJ(I�. As specified by Eq. (4.5), v(t) can 
be expanded in a Taylor series: 

I V"(t;) 2 
V(rI+I) = v(t/) + v (r/ )(11+1 - II) + """"2l(tl+1 - ttJ + .. . + Rn ., 

Now let us truncate the series after the first derivative term; 

Equation (4.13) can be solved for 

I V(t;+I) - V(Ii) _---'-R",_ 
V (Ii) = -

, 1 ;+ 1 - II , 
,
'; + 1 - t; • 

approximation 
Truncmion 

error 
., 

(4.12) 

(4.13) 

(4.14) 

The first part of Eq. (4 . 14) is exactly the same relationship that was used to approximate 
the derivative in Example 1.2 [Eq. (1.11)1. However, because of the Taylor series approach, 
we have now obtained an estimate of the truncation error associated with this approxima
tion of the derivative. Using Eqs. (4.6) and (4.14) yields 

R, v"«) 

11+1 - tl = 2'!(II+1 - Ii) (4.15) 

or 
R, = 0(1/+1 - t,) 

11+1 - ti (4.16) 

Thus, the estimate of the derivative [Eq. (1.1 1) or the first part of Eq. (4.14)1 has a trunca
tion error of order f/+I - fl. In other words, the error of our derivative approximation 
should be proportional to the step size. Consequently, if we halve the step size, we would 
expect to halve the error of the derivative. 

,)(AMPlE 4.3 The Effect of Nonli nearity and Step Size on the Taylor Series Approxim�tion 

Problem Statement. Figure 4.4 is a plOI of the function 

f(x) = x" (E4.3.1) 

for m = 1 ,2,3. and 4 over the range from x = I to 2. Notice that for 111 = I the function is 
linear, and as m increases, more curvature or nonlinearity is introduced into the function. 
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flxl 

15 

10 

5 

o L-L-________________ L-__ ___ 
2 x 

FIGURE 4.4 
Plot of the function f(xl = xrr for m = 1, 2, 3, and 4. Notice thot the function becomes ma 
nonlinear as m increases. 

Employ the first�order Taylor series to approximate this function for various values 
exponent 111 and the step size h. 

Solution. Equation (E4.3.1) can be approximated by a first·orderTaylor series expa 
asm 

!(Xi+l) = !(Xi) + 1IIx;,,-11i 
which has a remainder 

Rl = 
/"(X;) ,,2 + /(3)(XI) ,,3 + /(4)(XI) 

,,4 + . . .  
2! 3! 4! 

First, we can examine how the approximation perrorms as In increases-that is, 
function becomes more nonlinear. For m = I, the actual value of the function at x = 
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The Taylor series yields 

1(2) = I + 1(1) = 2 

and 

R, =0 

The remainder is zero because the second and higher derivatives of a linear function are 
zero. Thus, as expected, the first-order Taylor series expansion is perfect when the under
lying function is linear. 

For 111 = 2, the actual value isf(2) = 22 = 4. ThJfirst-order Taylor series approxima
tion is 

1(2) = 1 + 2(1) = 3 

and 

R, = �(1)' + O+O+ ... = 1 

Thus, because the function is a parabola, the straight-Hne approximation results in a dis
crepancy. Note that the renHlinder is determined exactly. 

For III = 3, the actual value isf(2) = 23 = 8. The Taylor series approximation is 

1(2) = 1 + 3(1)'(1) = 4 ., 
and 

R,= ¥ (l)'+ ! (1)3+0+0+ . .. =4 

Again, there is a discrepancy lhat can be determined exactly from the Taylor series. 
For III = 4, the actual value is/(2) = 2" = 16. The Taylor series approximation is 

1(2)= I +4(1)3(1)=5 

and 

R, = I,' (I)' + '0' (1)3 + i: (1)4 + 0 + 0 + ... = II 

On the basis of lhese four cases, we observe that HI increases �IS the function becomes 
more nonlinear. Furthermore, RI accounts exactly for the discrepancy. This is because 
Eq. (E4.3.1) is a simple monomjal with a finite number of derivatives. This permits a COIll
plete determinntion of the Taylor series remainder, 

Next, we will examine Eq. (E4.3.2) for the case III = 4 and observe how RI changes as 
the step size" is varied. For lit = 4, Eq. (E4.3.2) is 

I(x + h) = I(x) + 4xlh 

If x = 1,/(1) = J and this equation can be ex.pressed as 

1(1 +h) = 1 +4h 

with a remainder of 
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R, 

10 

0.1 

0.01 

0.001 '--------,-'-----:-'--
1 0.1 om II 

FIGURE 4.5 
log-log plot of the remainder RI of the first-order Taylor series approximation of the function 
fIx) = X4 versus step size h. A line with 0 slope of 2 is olso shown to indicate thot as h 
decreases, the error becomes proportional to h2. 

'. 
TABLE 4.2 Comparison of Ihe exael value of the function fIx) = x4 with the first�rder 

Taylor series approximation. Both the function and the approximation are 
evaluated 01 x + h, where x = 1 .  

First·Order 
h True Approximation R, 

I 1 6  5 I I 

0.5 5.0625 3 2.0625 
0.25 2.44 1406 2 0.44 14C 
0. 1 25 1 .601 807 1 .5 0. 1 0 1 8e 
0.0625 1 .274429 1 .25 O.O244:l 

0.03 125 1 1 30982 I 1 25 0 0059! 
0.01 5625 1 .063980 1 .0625 0.00 1 4  

This leads to the conclusion that the discrepancy will decrease as II is reduced. Also, a 
ficiemly small values of 11, the error should become proportional to Il That is, a! 
halved, the error will be quartered. This behavior is confirmed by Table 4.2 and Fig. ' 

Thus, we conclude thal the en'or of the first-order Taylor series approximatio 
creases as m approaches I anel as h. decreases. Intuitively, this means that the Taylor 1 
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becomes more accurate when the function we are approximating becomes more like a 
straight line over the interval of interest. This can be accomplished either by reducing the 
size of the interval or by "straightening" the function by reducing m. Obviously, the latter 
option is usually not available i n  the real world because the functions we analyze are typi· 
cally dictated by the physical problem context Consequently, we do not have control of 
their lack of linearity, and our only recourse is reducing the step size or including additional 
terms in the Taylor series expansion. 

4.1.3 Numerical DiHerentiation 

Equation (4.14) is given a formal label in  numerical methods-it is called ajillite dMded 
differellce. It call be represented generally as . .> 

or 

!,(. ) /(x,+ , ) - !(x,) + O( 
. ) 'x l = XI+! - XI XI+l - XI 

, 6.!, 
! (x,) = - + O(h) 

" 

(4. 17) 

(4.18) 

where .6.!t is referred to as the first fonvmd difference an'd " is called the step size. that is, 
the length of the interval over which the approximation is made. It is termed a "forward" 
difference because it utilizes data at i and i + I to estimate the derivative (Fig. 4.00), The 
entire teml .6. flit is referred to as afirst fillite divided difference. 

This forward divided difference is but one of many that can be developed from the 
Taylor series to approximate derivatives numerically. For example, backward and centered 
difference approximations of the first derivative can be developed in a fashion similar to 
the derivation of Eq. (4.14). The former utilizes values at Xj_l and Xi (Fig. 4.6b), whereas 
the latter uses values that are equally spaced around the point at which the derivative is es· 

timated (Fig. 4.6c). More accurate approximations of the first derivative cnn be developed 
by including higher·on.ler terms of the Taylor series. Finally, ail lhe above versions can also 
be developed for second, third, and higher derivatives. The following sections provide 
brief summaries illustrating how some of these cases are derived. 

Backward Difference Approximation of the First Derivative. The Taylor series can be 
expanded backward to calculate a previous value on the basis of a present value, as in 

I I"(x;) 2 !(x,_,) = !(x,) - !(x,)" + 2i" _ . . .  
Tnmcuting this equation after the flrst derivative and rearranging yields 

(4.19) 

(4.20) 

where the error is 0(11), and 'V Ii js referred to as theftrsr backward difference. See Fig. 4.6b 
for a graphical representation. 

, 
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fIx) 
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fIx) 

----2h ----
, 

x 
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FIGURE 4.6 
Graphical depiction of 101 forwa rd, (b) backward, and Ie) centered finite·divided-differenc 
approximations of the first derivative, 
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Cenlered Difference Approximation of the F irst Derivative. A third way to approxi
mate the first derivative is to subtract Eq. (4.19) from the forward Taylor series expansion: 

f(x,+I )  = f(x,) + !,(x,)h + !'��,) h' + . . . 

to yield 

2f(3'(x,) 
f(x,+I) = f(x/-1) + 2J'(x,)h + 31 h' + . . . 

which can be solved for ! 

or 

(4.2 1 ) 

(4.22) 

Equation (4.22) is a centered difference representation afthe first derivative. Notice that the 
truncation error is of the order of 112 in contrast to the forward and backward approximations 
that were of the order of h. Consequently, the Taylor series analysis yields the practical in· 
formation that the centered difference is a more accurate, representation of the derivative 
(Fig. 4.6c). For example, if we halve the step size using a forward or backward difference, 
we would approximately halve the truncation error, whereas for the central difference, the 
error would be quartered, 

EXAMPL� 4.4 Fin ile-Divided·Difference Approximations of Derivatives 

Problem Statement. Use forward and backward difference approximations of 0(11) and 
a centered difference approximation of O(h2) to estimate the first derivative of 

fix) = -O.lx' - 0. 1 5.<' - 0.5x' - 0.25x + 1 .2 

at x = 0.5 using a step size II = 0.5. Repeal lhc computation using h = 0.25. Note that tile 
derivative can be calculated directly as 

J'(x) = -0.4x' - 0.45x' - LOx - 0.25 

and can be lIsed to compute the true value ast(O.5) = -0.9125. 

Solution. For II = 0.5, the function C<l11 be employed to determine 

Xi_l = 0 

Xi = 0.5 

Xi+l = 1.0 

f(x,_ i l  = 1 .2 

f(x,) = 0.925 

f(x,+I) = 0.2 

These values can be used t.o compmc the forward divided difference [Eq. (4.17)], 

j'(0.5) '" 0.2 - 0.925 = _ 
1 .45 0.5 1£, 1 = 58.9% 
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the backward divided difference rEq. (4.20)], 

1
'(0.5) - 0.925 - 1 .2  = -0.55 

0.5 le, 1 = 39.7% 

and the centered divided difference [Eq. (4.22»), 

1'(0.5) :: 0.2 -
0

1 .2 = - 1 .0 
I .  

le,1 = 9.6% 

For Ii = 0.25, 

Xi_l = 0.25 
X; = 0.5 
Xi+1 = 0.75 

A 
1(x/-I)  = 1:1035 1563 
/(XI) = 0.925 
/(XI+' )  = 0.63632813 

wbich can be used to compute the forward divided difference, 

/
' 0 

_ 0.636328 1 3 - 0.925 
( .5) = = - 1. 155 

0.25 
le,1 = 26.5% 

the backward divided difference, 

/
'(0 5 '" 0.925 - 1 . 1035 1 563 = -0 7 14 

. 
) 

- 0.25 " . le,1 = 21.7% 

and the centered divided difference, 

1
'(0.5) -

0.6363281 3  - 1 . 1035 1563 = -0.934 
0.5 

le,1 = 2.4% 

For both step sizes, the centered difference approximation is more accura.re th; 
ward or backward differences. Also, as predicted by the Taylor series analysis: halv: 
step size approximately halves the elTQr of the backward and forward differences an! 
tel'S the error of the centered difference. 

Fin ite Difference Approximations of Higher Derivatives. Besides first derivnli\ 
Taylor series expansion can be used to derive numerical estimates of higher derivati' 
do this, we write a forward Taylor series expansion for j{Xi+2) in terms of j{Xi): 

1(xI+,) = 1(xI) + 1'(xI)(211) + 1';;1) (211)' + . . .  , 

Equation (4.21 ) can be multiplied by 2 and subtractc(l from Eq. (4.23) to g i ve 

/(XI+') - 2/(x,+ ,) = -/(x,) + /"(x/)II' + . . . .  

which can be solved for 

/"(x/) = /(XI+') - 21(xI+,) + /(xi! + O(h) II' 
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This relationship is called ule secolld jonvclf(/ fillite divided difference. Similar manipula
lions can be employed to derive a backward version 

f"( ) lex;) - 2f(x;_I) + f(x;-,) 0 (1) Xi = 112 + I 

and a centered version 

/,,(x,) = f(x;+I ) - 2�:;) + f(x;-il + O(h') 
� 

As was the case with the first-derivative approximations, the centered case is more accu
rate. Notice also that the centered version can be alternatively expressed as 

/,,(x,) :: __ --""-1 __ --;-__ --""-1 __ 
It 

., 

Thug, just as the second derivative is a derivative of a derivative, the second divided dif
ference approximation is a difference of two first divided differences. 

We will return to the topic of numerical differentiation in Chap. 23. We have intro
duced YOll to the topic at this point because it  is a very good example of why the Taylor 
series is important in numerical methods. In addition. several of the formulas introduced in 
this section will be employed prior to Chap. 23. " 

4.2 ERROR PROPAGATION 

The purpose of this section is to study how errors in numbers can propagate through math· 
ematical funclions. For example. if we multiply two numbers thai have errors, we would 
like to estimate the error in the product. 

4.2.1 Functions of 0 Single Varioble 

Suppose that we have a function/(x) that is dependent on a single independent variable x. 
Assume that ,r is an approximation of x. We, therefore, would like to assess the effect of 
the discrepancy between x and x on the value of the function. Thut is, we would like to 
estimate 

I;f(x) = If(x) - j(.t) 1 

The problem with evaluating f::l/(i) is that/ex) is unknown because x is unknown. We can 
overcome this difficulty if ,r is close to x andI(i) is continuous and differentiable. If these 
conditions hold, a Taylor series can be employed to computeI(x) near I(x), as in 

lex) = f(x) + 1'(x)(x - x) + J'�X) (x _ .<)' + . . .  

Dropping the second- and higher.order terms and rearranging yields 

f(.r) - f(.') � 1'(x)(x - x) 
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FIGURE 4.7 
Graphical depiction of first
order error propagation. 
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where b..j(x) = If(x) - 1(,01 represents an estimate of the error of the functiori-'and 
Ix - xl represents an estimate of the error of x. Equation (4.25) provides the capabi 
approximate the error inJ(x) given the derivative of a function and an estimate of the 
in the independent variable. Figure 4.7 is a graphical illustration of the operation. 

Error Propagation in a Function of a Si ng le Variable 

Problem Statement. Given a value of'; = 2.5 with an error of �x = 0.01, estima 
resulting error in the fUllction,f(x) = x3• 

Solution. Using Eq. (4.25), 

Am) ::: 3(2.5)'(0.01) = 0.1875 

BecauseJ(2.5) = 1 5 .625. we predict that 

J(2.5) = 15.625 ± 0.1875 

or that the true value lies between 15.4375 and J 5.8125. In fact, if x were actually 2.4 
function could be evaluated as 15.4382, and if x were 2.51, it would be 15.8132. F( 
case, the first-order error analysis provides a fairly close estimate of the true elTor. 
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4.2.2 Functions of More than One Variable 

The foregoing approach can be generalized to functions that are dependent on more than 
one independent variable. This is accomplished with a multivariable version of the Taylor 
series. FOI' example, if we have <\ runction of two independent variables II and v, the Taylor 
series can be written as 

(4.26) 

where all partial derjvatives are evaluated at the base point i. If all second-order and higher 
terms are dropped, Eq. (4.26) can be solved for 

1:1 It , V = - A" + - Au f(- -) l af l  - l af l  -
all av 

where D.il and l:1ii = estimates of the errors in u and v, respectively. 
For It independent variables X I , X2, " . , xn having errors I:1x], 6.x2 • . . .  , .a.xn • the fol-

lowing general relationship holds: " 

f(- - - ) - I af I - I of I - I af I -t:. X l ,  X2. · · · , XII = ax] I:1XJ + GX2 b.X2 + . . .  + aXil 
AXil 

EXA PLE 4.6. Error Propagation in a Multivariable Function 

Problem Statement. The deflection y of the top of a sailboat mast is 

FL' y = --8EI 

(4.27) 

where F = a uniform side loading (lb/ft), L = height Cft), E = the modulus of elasticity 
(lb!ft2), and / = the moment of inertia (ft4). Estimate the error in y given the following data: 

t = 50 Ib/lt 

L = 30 It 

£ = 1.5 x 10' Ib/lt' 

i = 0.06 ft' 

'" t = 2 Ib/lt 

A£ = O.I It 
A£ = O.OJ x 10" Ib/lt2 

Ai = 0.0006 ft' 

Solution. Employing Eq. (4.27) gives 

or 

- - - - I ay I - l OY I -
I or I - l OY I -Ay(F, L,  E, I)  = o f  AF + oL AL + oe AE + "ii M 

- 4 - - j - -4 - - 4 
- - - - L - FL - FL - FL -Ay(F, L, E, l) - �AF + �AL + � A E +  � M . 8EI 2EI 8E'I 8E12 
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Substituting the appropriate values gives 

6y = 0.0225 + 0.0075 + 0.00375 + 0.005625 = 0.039375 

Therefore, y = 0.5625 ± 0.039375. Tn other words, y is between 0.523125 and 0.601 f 
The validiry of these estimates can be verified by substituting the extreme values � 
variables into the equation 10 generate an exact minimum of 

)'mi, = 48 ( 29.9)4 
= 0.52407 

8(1.51 x 10')0.0606 

and i 

52( 30. 1 )4 
Y=, = 8 ( 1.49 x 10')0.0594 

= 0.60285 ., 

Thus, the first-order estimates are reasonably close to the exact values. 

Equation (4.27) can be employed to define error propagation relationships for 
mOil mathematical operations. The results arc summarized in Table 4.3. We will lea' 
derivation of these formulas as a homework exercise. 

4.2.3 Stability and Condition 

The condition of a mathematical problem relates to its sensitivity to changes in its 
values. We say that a computation is lIL1mer;clllly ullstable if the uncertainty of the 
values is grossly magnified by the numerical method. 

These ideas can be studied using a first-order Taylor series 

I(x) = I(x) + /'(,)(x - x) 

This relationship can be employed to estimate the relative error of J(x) as in 

I(x) - f(i) _ /,(x)(x - .') 
-

I(x) I(x) 

The relative error of x is given by 

x - x  
x 

TABLE 4.3 Estimated error bounds associated with 
common mathematical operations using 
inexact numbers (j and v. 

Operation 

Addition 
Subtroction 
Multiplication 

Division 

.6.!ii + v) 
.6.\ii - vi 
.6.lii x vi 

6(%) 

Estimated Error 

.6.ii + .6.v 
.6.ii + .6.v 

liil.6.v + liil.6.ii 
lulD.ii + liil.6.u 

IvlZ 
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4.3 TOTAL NUMERICAL ERROR 

A cOllditioll lltlmber can be defined as the ratio of these relative errors 
-1'(-) . .  x x 

Candillon number = _ 
I(x) 

93 

(4.28) 

The condition number prov ides a measure of the extent to which an uncertainty in x is mag

nified by/ex). A value of I tells us that the function's relative error is identical to the rela
tive error ill x. A value greater than 1 tells m: Lhat the relative error is amplified, whereas a 
value less than 1 tells us that it is auenuated. Functions with very large values are said \0 be 
ill-conditioned. Any combination of factors in Eq. (4.28) that increases the numerical value 
of the. condition number will tend to magnify uncertn�nties in the computation of f(x). 

,XAMPlE 4.7 Condition Number 

Problem Statement. Compute and interpret the condition number fo� 

f(x) = tanx for x = ; + O. l (�) 
I(x) � tanx foL i � ; + O.DI G) 

Solution. The condition number is computed as 

. . ;(11 cos2 x) 
Candillon number = _ tan x 

Fori � ,,/2 + 0.1  (,,/2), 

. . 1 .7279(40.86) 
COndltlOn number = 

-6.314 
= - 11 .2 

., 

Thus, the function is ill-conditioned. For x = rr/2 + 0.0 I (rr/2), the situation is even 
worse: 

Condition number = 1.5865(4053) _ _  
0 

63.66 
- I I 

For this case, the major cause of ill conditioning appears to be the derivative. This makes 
sense because in the vidnity of rr/2, the tangent approaches both positive and negative 
infinity. 

4.3 TOTAL NUMERICAL ERROR 

The IOta/ llt/merical error is the summation of the truncation and round-off errors. In gen
eral, the only way to minimize round-off errors is to increase the number M significant 
figures of the computer. Further, we have noted that round-off error will iI/crease due to 
subtractive cancellation or due to an i ncrease in the number of computat ions rn an analysis, 
In contrast, Example 4.4 demonstrated that' the truncation elTor can be reduced by decreas
ing the step size. Because a decrease in step size can lead to subtractive cancellation or to 
an increase in computations, the truncation errors are decreased as the round-off errors are 
increased. Therefore, we are faced by the following dilenuna: Tbe strategy for decreasing 
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FIGURE 4.8 

Point of 
diminishing 

Jog step size 

A graphical depiction of the trade-off between round-off and truncation error that somelin 
comes into play in the course of a numerical method. The point of diminishing returns is s 
where roundoff error begins to negote the benefits of slep-size reduction. 

" 
one component of the total error leads to an increase of the other component. In a 
tation, we could conceivably decrease the step size to minimize truncation errors 
discover that in doing so, the round-off error begins to dominate the solution and t 
error grows! Thus. Qur remedy becomes our problem (Fig. 4.8). One challenge that 
is to determine an appropriate slep size for a particular computation. We would 
choose a large step size in order to decrease the amOUn! of calculations and ro 
errors without incurring Ihe penalty of a large truncation error. If the lotal err6r is a! 
in Fig. 4.8, the challenge is to identify the point of diminishing returns where ro 
error begins to negate the benefits of step-size reduction. 

In actual cases, however, such situations are relatively uncommon because 1110 
puters carry enough significant figures that round-off errors do not predominate. 
theless, they sometimes do occur and suggest a sort of "numerical uncertainty pri 
that places an absolute limit on the accuracy that may be obtained using certain COl 
ized numerical methods. 

4.3.1 Control of Numerical Errors 

For most practical caSeS, we do not know the exact error associated with numerica 
ods. The exception, of course, is when we have obtained the exact solution thut mn 
numericai l.lpproxirnalions unnecessary. TIlerefore, for most engineering appiicl.lti 
must sellle for some estimate of the elTor in our calculations. 

There are no systematic and general approaches 10 evaluating numerical error� 
problems. In many cases error estimates are based on the experience and judgmen 
engineer. 



4.4 BLUNDERS, FORMULATION ERRORS, AND DATA UNCERTAINTY 9S 

Although error analysis is to a certain extenl an art, there ucc several practical pro
gramming guidelines we can suggest. First and foremost, Hvoid sublfacting two nearly 
equal number�. Loss of significance almost always occurs when this is done. Sometimes 
you can reammge or reformulate the problell1 lo avoid subu(lctive cancellation. If this is not 
possible, you ll1uy want to use extended-precision arithmetic. Furthermore, when adding 
and subtracting numbers, it is best to sort the numbers and work with the smallest numbers 
first. This avoids loss of significance. 

Beyond these computational hints, one can attempt to predict total numerical errors 
lIsing theoretical formulations. The Taylor series is OUf primary tool for analysis of both 
truncation and round-off errors. Several examples ha\k been presented in this chapter. Pre
diction of total numerical errol' is very complicated for even moderately sized problems 
and tends to be pessimistic. Therefore, it is usually allernpted for on ly small�scale tasks. 

The tendency is to push forward with the numerical computations' and try to estimate 
the accuracy of your results. This can sometimes be done by seeing if the results satisfy 
some condition or equation as a check. Or it may be possible to substitute the results back 
into the original equation to check that it is actually salistied. 

Finol ly you should be prepared to pelform numerical experiments to increase your 
awareness of computational errors and possible ill-conditioned problems. Such experi
ments may involve repeating the computations with a different step size or method and 
comparing the results . We may employ sensitivity analysis to see how our solution changes 
when we change model parameters or input values. We may want to try diffcrent numeli
cal algorithms that have different theoretical foundations:' are based on different computa
tional strategies, or have different convergence propel1ies and stabjlity characteristics. 

When the results of numerical computations are extremely critical and may involve 
loss of human life or have severe economic ramifications, it is appropriate to take special 
precautions. This may involve the use of two or more independent groups to solve the same 
problem so that their results can be compared. 

The roles of etTOrs will be a topic of concern and analysis in all sections of this book. 
We will leave these investigations to spccific sections. 

4.4 BLUNDERS, FORMULATION ERRORS, 
AND DATA UNCERTAINTY 

Although the following sources of en'or arc not directly conncctcd with most of the nu
merical methods in this book, they can somct imcs have greut impact on the success of a 
modeling effort. Thus, they must always be kept in mind when applying numerical tech
niques in the context of real-world problems. 

4.4.1 Blunder. 

We are al l familiar with gross errors, or blunders. Tn the early years of computers, erro
neous numerical results could sometimes be l.luributed to malfunctions of the computer 
itself. Today, this source of error is highly unlikely, and mOSt blunders must be attributed to 
human imperfection. 

B lunders can occur at any stage of the mathematical modeling process and can con
tribute to all the other components of error. They can be avoided only by sound knowledge 



PROBLEMS 

OBLEMS 
ling infinite series can be used to approximate e-" :  

this Maclaurin series expansion is a special case of 
�rics expansion r(Eq. (4.7)1 with XI = 0 and II = x. 
ylor series to estimate [(x) = e-x at Xi+l = I for 
:mploy the zero-, first-, second·, and third-order ver· 
ompute'the lEt I for each case. 
min series expansion for cos x is 

.r� x4 xCI xS - + - - - + - - . .  , 2 4! 6! 8! 

1C �implesL version, cos x = I ,  add tenns one al a 

c cos(rrj3). After each new term is added. compute 
,proximate pen.:cnt relative errors. Use your pocket 
�lermine the true value. Add terms until the absolute 
proximate error estimate falls below an error crite
g to two significant figures. 
Ie same computation as in Prob. 4.2, but lise the 
:5 expansion for the SI,11 x to estimate sin(lT /3). 

through third-order Taylor series expansions to 

:\ _ 6x2 + 7x - 8 8  

1m at x = I ,  CompUle the tme percem relative error 
roximatioll. 
hrough fourth-order Taylor series expansions to pre
I(x) = inx using a base point at x = 1 .  Compute 
[ relative error Sr for each approximation. Discll�s 
the re."lIlts. 

'd and backward difference approximations of 0(11) 

difference approximation of 0(b2) to estimate the 
of the function examined in Prob. 4.4. Evaluate the 
= 2 using a step size of II = 0.2. Compare your 

� true value of the derivative. Interpret your results 
the remainder term of the Taylor series expansion. 

::red difference approximation of 0(h2) to estimate .valive of Ihe funclion examined in Prob. 4.4. Per
lation at x = 2 using step sizes of II = 0.25 and 
e your estimates with the true value of the second 
rpret your results on the basis of the remainder term 

�rics expansion. 

97 

4.8 Recall that (he velocity of the falling parachutist can be com
puted by lEq. (UO)], 

USe a tirst-ordcr error analysis to estimate the error of u at I = 6, if 
g = 9.8 and m = 50 but C = 12.5 ± 1.5. 
4.9 Repeat Prob. 4.8 W�th g = 9.8, I = 6, C = 12.5 ± 1 .5 ,  and 
m = 50 ± 2. 
4.]0 TIle Stefan-Boltzmann law can be employed to estimUle the 
rate of radiation of energy H from a surfaee��as in 

H = AccrT4 
where fl is in waltS, A = the surface area (/1/2). e = the emissivity 
that characterizes the emitting properties of the surface (dimen
sionless). (1" = a universal constant called the Stefan-Boltzmann 
constant (= 5.67 x 10-8 W m-2 K-4), and T = absolute tempera
ture (K). Determine the error of H for a steel plllfC with A = 
0.15 m2 , c = 0.90, and T = 650 ± 20. Compare your results with 
the exact elTor. Repeat the computation but with T = 650 ± 40. 
Interpret your results. 

., 

4.11 Repeat Prob. 4.10 but for a copper sphere with 
radius = 0. 1 5  ± 0.01 m, e = 0.90 ± 0.05, and T = 550 ± 20. 
4.12 Evaluate and interpret the condition numbers ror 

(lI) J(x) = )Ix - 1 1  + 1 fot'X = 1.00001 
(b) I(x) = e-x for x = 10 

(e) I(x) = � - x for x = 300 
e-X _ I 

(d) [(x) = '---'
x 

sinx 
(e) J(,') = .,.="'--

1 + eosx 

for x = 0.001 

for x = 1 .000l1r 

4.13 Employing ideas from Sec. 4.2, derive the relationships from 
Table 4.3. 
4.14 Prove thm Eq. (4.4) is exact for all values of x if I(x) = 
ax2 + bx + c .  
4.15 Manning's formula for a rectangular channel can be written as 

Q =
� (BH)'1l v's 
/I (8 + UI)2/3 

where Q = tlow Cm3/s), /I = a roughness coefficient, 8 = width 
(m), H = depth (m), and S = slope. You are applying Ihis formula 

to a stream where you know Ihat the width = 20 III and the 
depth = 0.3 m. Unfortunately, you know the roughness ano the 
slope to only a ± 10% precision. That is, you know that the rough
ness is about 0.03 with 11 range from 0.027 to 0.033 and the slope is 
0.0003 with a range from 0.00027 to 0.00033. Use a first-order 
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error analysis to dClcnnine the sensi!; vity of the now prediction 10 
each of these IWO (nelOrs. Which one !)hould you attempt to mea
sure with Illore precision'! 
4.16 If Ixl < 1, ids known that 

I ' J  -- = I + x + x- + x + ' "  
I - x 

Repeat Prob. 4.2 for this series for x = 0.1. 
4.17 A missile leaves the ground with an initial velocity vo fonn
ing nn angle t/>o with the venicaJ as shown in Fig. P4.17. The 

"0 

R 

Figure P4. 1 7  

maximum desired altitude is aR where R is the radius of the f 
The laws of mechanics can be used 10 show that 

• v, ( )' 
sin ¢o = ( l + a) 1 - -- -[ + a  Vo 

where VI = the escape velocity of the missile. It is desired 14 
the missile and reach the design maximum altitude within an : 
racy of ±2%. Determine the runge of values for ¢o iflJ�/t1() = � 
a.�= 0.25. 
4.18 TC!:ca1culate a planet's space coordinates, we have to soh 
function 

f{x) = x - I  - 0.5sinx 

Let the base point be {/ = XI = rr/2 on the interval [0, 11']. r 
mine the highest-order Taylor series expansion resulting in a I 
mum error of 0.015 on the specified interval. The errol' is eql 
the absolute value of the difference between the given [unclio] 
the specific Taylor series expansion. (Hint: Solve graphically. 
4.19 Consider the function f(x) = x3 - 2x + 4 on the int 
[-2,2J with " = 0.25. Use the forward, backward, and cen 
finite difference approximations for the first and second derivl 
so ana graphically illustrate which approximation is most i 
rale. Graph all three first derivative finite difference appro> 
tions along with the theol'etical, and do the same for the �e" 
derivative as well. 



PT1 .6 ADVANCED METHODS AND ADDITIONAL REFERENCES 

TABLE PTl.2 Summary of importont information pre�ented in Pari One. 

Error Definitions 
True error 

True percent relotive error 

Approximate percent relative error 

Slopping criterion 

Taylor Serios 
Taylor r.eries expansion 

Remainder 

Numerical DiHerentiation 
Fin! forward finite divided difference 

E, "" true value - approximation 
true value - approximation 

true value 
100% 

_ present approximation - previous approximation 
to - present approximation 

Terminate computation when 
�, 60 < &' 

where t. i! the desired percellt relative error 

where 

" 

, f(xl+d - f(xl) 
f Ix,1 � h + O[h) 

• 

103 

1 00% 

(Other divided differences ore summarized in Chops . .4 and 23.) 

Error Propagation 
For n independent variables Xl, )(2 • . • . •  x" having errors 6Xl. l:r.X'l • . . . •  l:r.x", the error in the function f con be estimated vio 

of� 11f.1 Ai, + 11f.1 �X2 + . . . + 11f.1 �x" aXl aX2 ax� 

Finally, although we hope that our book serves you well, it is always good 10 consult 
olher sources when trying to master a new subject. Burden and Faires (1993); Ralston and 
Rabinowitz ( 1 978); Hoffman ( 1 992); and Carnahan, Luther. and Wilkes (1 969) provide 

comprehensive discussions of most numerical methods, including some advanced methods 
that are beyond our scope. Other enjoyable books on the subject are Gerald and Wheatley 
(1989); Rice (1983); and Cheney and Kincaid ( 1985). In addition, Press et 0.1. (1992) in
clude computer codes to implement a variety of methods. 
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Bracketi ng Methods 
j 

This chapter on roots of equations deals with methods that exploit the. fact that a fU1l1 
typically change.s sign in the vicinity of a root. These techniques are called brack. 
methods because two initial guesses for the root nrc required. As the name implies, I 
guesses must "bracket," or be on either side of. the foal. The particular methods dCSCI 
herein employ different strategies to systematically reduce the width of the bracket 
hence, home in on the correct answer. 

As a prelude to these techniques, we will briefly discuss graphical mcthods for de 
ing functions and their roots. Beyond their utility for providing rough guesses, grap 
techniques are also useful for visualizing the properties of the functions and Ille beh: 
of th� various numerical methods. 

. 

5.1 GRAPHICAL METHODS 

EXAMPLE 5 . 1 

A simple method fur obtaining an estiml.lte of the rOOl of the equalionj(x) = Q is to m 
plot of the function and observe where it crosses the x axis. This point, which repre 
the x value for which/(x) = 0, provides a rough approximation of the roo\. 

The Graphical Approach 

Problem Statement. Use the graphical approach to determine the drag coeffici 
needed for a parachutisl of mass IIJ = 68. 1 kg to have a velocity of 40 m/s after free-fr 
for time t = 10  s. Note: The acceleration due to gravity is 9.8 m/s2. 

Solution. This problem can be solved by determining the root of Eq. (PT2.4) usin 
parameters I = 10, g = 9.8, v = 40. and 11/ = 68.1: 

01' 

f(
) 9.8(68.1) ( -('I'" 1)10) 0 c: = l - e · - 4 c 

f( ) 667.3K ( -0, .. ' .. ") 0 c =  I - e  -4 c (E 

Various values of C C;ln be subsriruted into the right-hand side of this equation to COl 
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c I(c) 
4 34. 1 \ 5  
8 1 7.653 

1 2  6.067 
1 6  -2.269 
20 -8.401 

These poillts are ploued in Fig. 5 . 1 .  The resulting curve crosses the c axis between 12 nnd 
J 6. Visual inspection of the plol provides a rough estUnale of the root of 14.75. The valid
ity of the graphical estimate can be checked by substituting.it into Eq. (85 . 1 . 1 )  to yield 

f(14.75) = 667 . 3_8 (I _ e-0.1_'(14.7,,) - 40 = 0.059 
14.7) 

which is close to zero. It can also be checked by substituting it into Eq. (PT2.4) along with 
the parameter values from this example 10 give 

v = 9.8(68. 1) (I _ ,-(IWI68 I)") = 40.059 
14.75 

which is very close to the desired fall velocity of 40 m/s. 

FIGURE 5.1 
The graphical approach for determining lhe loots of o n  equotion. 

[Ie) 

40 
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FIGURE S.2 

, 

IIlustrotion of a number of 
general ways tha i a rool may 
occur in on interval prescribed 
by 0 lower bound XI and en 
vpper bound Xli' Parts (01 and 
(c) indicnte thot if both f(xl) and 
((xu) hove the some sign, either 
there will be no rools or there 
will be on even number of roots 
within the interval. Porls lbl and 
(dl indicate that jf the function 
has different signs 01 the end 
points, there will be on odd 
number 01 roots in the interval. 

BRACKETING METHODS 

Graphical techniques are of limited practical value because they are nOI precise. H 
ever, gn\phicaJ methods can be utilized to obtain rough estimates of ro�ts. These es� 
can be employed as starting guesses for numerical methods discussed in this and the 
chapter. 

Aside from providing rough estimates of the root, graphical fnterpretations are impll<
tant tools for understanding the properties of the functions and anticipating the pitfalls 
the numerical methods. For example, Fig. 5.2 shows a number of ways in which roots 
occur (or be absent) in an interval prescribed by a lower bound x/ and an upper bound · 
Figure 5.2b depicts the case where a single.root is bracketed by negative and positive val 
of lex). However, Fig. S.2d, where I(x,) and I(xu) are also on opposite sides of the x au. 
shows three roots occurring within the interval . Tn general, if !(x/) and/(x,,) have opp 
signs, there are an odd number of roots in the interva1..As indicated by Fig. 5.2a and c. 
f(x/) and f(x,,) have the same sign, there are·eithei· no roots or an even number of 
between the values. 

Although these generaUzations are usually tme, there are cases where they do orr. 
bold. For example, functions that are tangential to the x axis (Fig. 5.3a) and discontinu 
functions (Fig. 5.3b) can violate these principles. An example of a function that is tange. 
tial lO the axis is the cubic equationf(x) ;:; (x - 2)(x - 2)(x - 4). Notice that x ;:;  2 mab 
two terms in this polynomial equal to zero. Mmhemalically, x ;:; 2 is called a multiple rotr.. 
At the end of Chap. 6. we will present techniques that are expressly designed to 1<X:"3l!
multiple roots. 

The exisLent:e of cases of the type depicted in Fig. 5.3 m,ikes it difficult to develop ge.
eral computer algorithms gu;:rranteed to locate all the roots in an interval. However, whc:J:. 
used in conjunction with graphical approaches, the methods described in the followiDf 

FIGURE 5.3 
Illustration of some exceptions to the general cases depicted in 
Fig. 5.2. 10) Multiple root thai occurs when the function is tangen' 
tiol to the x axis. For this case, although the end points are of op
posite signs, there are on even number of axis intersections for 
the interval. (b) Discontinuous function where end points of oppo
site sign brocket on even number of roots. Special strategies are 
required for determ ining the roots for these cases . 

fix) 

[1-<) 
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(a) , , , , 
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, x , 
x. 

(b) 



XAMPLE 5 .2  

5.1 GRAPHICAL METHODS 1 1 5 

sections arc extremely useful for solving many roots of equations problems confronted rou
tinely by engineers and applied mathematicians. 

Use of Com puter Graphics to locate Roots 

Problem Statement. Computer graphics can expedite and improve your efforts to locale 
roots of equations. The function 

f(x) = sin lOx + cos 3x 
has several roOlS over the range x = 0 to x = 5. Use cq,mputer gmphics to gain insight into 
the behavior of this function. 

Solution. Packuges such as Excel and MATLAB software can be used 10 gcnerale plots. 
Figure 5.4a is a plot of I(x) from x = 0 to x = 5. This plot suggests the presence of several 
roots. including a possible double root at about x = 4.2 where/ex) appears to be tangent to 

" 
enlargement of '(xl = sin lOx + cos 3x by the computer. Such interoctive gcophics 
'st to determine thaI two distinct roots exist befINeen x = 4.2 and x = 4.3. 

r- 1\ 
c-
r-c- , I 
0 2.5 

X 

(a) 

2 r-------�--------, 

Y 0 

L � I ��L -2 5 3 

(b) 

. ' 5 

- . ' 5 '::-L-.L-.L-.L.:-'::-...L...L-L-L-:' 4.2 4.25 4.3 
X 

(e) 

4 5 
X 
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FIGURE 5.5 

BRACKETING METHODS 

the x axis. A more detailed picture of the behavior of f(x) is obtained by changing the pi! 
ling range from x = 3 lox = 5. as shown in Fig. 5Ab. Finally, in Fig. 5.4c,. the vertical sc: 
is narrowed further to lex) = -0.15 to f(x) = 0.15 and the horizontal scale is narrowed 
x = 4.2 to x = 4.3. This plot shows clearly that n double root does not exist in this regi 
and that in fact there are two distinct roots at abOllt x = 4.23 and x = 4.26. 

Computer graphics will have great utility in  your studies of numerical methods. 11 
capability will also find many other applications in your other classes and professiol 
activities as well. 

� 
S.2 THE BISECTION METHOD ' 

When applying the graphical technique in Example 5.1, you have observed (Fig. 5.1)  t 

I(x) changed sign on opposite sides of the root. In general, if f(x) is real and continuou! 
the interval from XI to XII andj(xl) l.IIldf(xu) have opposite signs, that is, . 

l(x,)/(x,,) < 0 (: 

then there is at least one real root hcrween Xl and Xu. 
Illcremellfal search methods capitalize on this observation by locating un inter 

where the funclion chlUiges sign. Then the location of the sign change (and consequen 
the root) is identified more precisely by dividing the interval into a number of subinterv 

Bueh of thcse subintervals is sctij;cheu 10 locate the sign change. The process is rcpea 
and the root eSlimate refined by dividing the subintervals into finer increments. We , 
return to the general topic or incrclllcnw[ searchc!'> in Sec. 5.4. 

TI1C bisection method. which is ahernatively called binary chopping, interval baJvi 

or Bolzano'!,> method, is one type of incremental search mel hod in which the interval is 
ways divided in half. If a function changes sign over an interval, the function value at 

midpoint is evaluated. The location of the root is then determined as lying at the midp, 
of the subinterval within which the sign change occurs. The process is repemed co ob

refined estimates. A simple nlgorithm for the bisection calculation is listed in Fig. 5.5, 
a graphical dep iction of the method is provided in Fig. 5.6. The following example g 
through the actual computations involved in  thc method. 

Step 1 :  Choose lower XI and upper X;" guesses for the root such thot the function change 
�i9n over the interval. Thi� con be checked by ensuring that f(xM[xu) < O. 

Step 2:  An eslimate of the rool X, is determined by 

x, + XII 
X, = -2-

Slep 3: f.J\oke the follOWing evaluations to determine in which subinterval lhe rool lies: 
(0) If f(xMtx:.) <: 0, the root lies in the lower .subinterval. Therefore. set x." = x, on· 

return 10 step 2. 
(b) If f[xilf(x,j > 0, the root lies in the upper subinterval. Therefore, set x/ = x, on 

return to step 2. 
Ie) If flxM(x,) = 0, the loot equals x,; terminate the computation. 
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j:::;;;;;!i;g:I.�3 Bisection 

Problem Statement. Use bisection to solve the same problem approached graphicaUy in 
Example 5.1 . 

Solution. The first step in bisection is to guess two values of the unknown (in the present 
problem, c) that give values for f(c) with different signs. From Fig. 5.1 ,  we can see that the 
function changes sign between values of 12 and 16. Therefore. the initial estimate of the 
root XI" lies at the midpoint of the interval 

1 2 + 16 
x, = 2 = 14 

This estimate rcpresents a true percenr relative error of ef = 5.3% (note tbat the true value 
of the root is 14.7802). Next we compute the product of the function value at the lower 
bound and at the midpoint: 

1(12)/(14) = 6.0<57(1.569) = 9.517 

which is greater than zero, and hence no sign change occurs between the lower bound and 
the midpoint. Consequently, the root must be located between 14 and 16. Therefore, we 
create a new interval by redefining the lower bound as 14 and determining a revised root 
estimate as 

1 4 +  16 
x,. = 2 = 1 5 

which represents a true percent error of el = 1.5%. The process can be repeated to obtain 
refined esrim.1les. For example, 

/(14)/(15) = 1.569(-0.425) = -0.666 
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Therefore, the root is between 14 and 15. The upper bound is redefined as 15, aDd 
estimate for the third jteration is calculated as 

Xr = 
14 + 1 5  

2 
14.5 

which represents a percent relative error of £, = 1 .9%. The method can be re 
the result is accurate enough to satisfy your need ... 

, I , In the prevIous example, you may have noticed that the true error does no. """ 
with each iteration. However, the interval within which the root is located is 
each step in tbe process. As discussed in the next section, the interval width 
exact estimate of the upper bound of the error for the bisection method. 

5.2.1 Termination Criteria and Error Estimates 

We ended Example 5.3 with the statement that the method could be continued ro 

refined estimale of lhe TOOL. We must now develop an objective criterion for de<:;.jil!; • 
to temlinate me method. 

An initial suggestion might be to end the calculation when the true error 
some prespecified level. For instance, in Example 5.3, the relative error dnlPIJeO' "''' 
to 1.9 percent during the courSe of the computation. We might decide that we 
minate when the error drops below, say, 0.1 percent. This srrategy is flawed 
error estimates in the example were based on knowledge of the true rOOI of the 
nus would not be the case in an actual situation because there would be no poiIa 
the method if we already knew the root. 

Th�rdure, we r!!(juire an error estimate that is not conting"nI, 011 fClrekn" w1«"". 
root. As developed previously in Sec. 3.3, an approximate percent relative.error :.: 
calculated, as in (recall Eq. (3.5)] 

tQ = I x�;x� 1 100% 

where x� is the root for the present iteration and x�d is the root from the P:::;: 
tion. The absolute value is used because we are usually concerned with the ! 
Eu rather tban with ito; sign. When Ea becomes less than a prespecified stopping 
the computation is terminated. 

Error Estimates tor Bisection 

Problem Statement. Continue Example 5.3 until the approximate error faIls 
stopping criterion of s, = 0.5%. Use Eq. (5.2) to compute the errors. 

Solution . The results of the fmt two iterations for Example 5.3 were 14 and 15 
ruling these values into Eq. (5.2) yields 



� method. 
:ua: errors are 
-.:: -umber of 

Recall that the true percent relative error for the root estimate of IS was 1.5%. Therefore, 
Eo. is greater than cr. This behavior is manifested for the other iterations: 

Iteration XI X, x, Eo. (%) Et (%) 
1 1 2  1 6  " 5.279 

2 14 1 6  1 5  6.667 1 .487 
3 14 1 5  14.5 3.440 1 .096 
• 14.5 1 5  1 4.75 1 .695 0.204 
5 1 4.75 1 5  1 4.875 0.840 0.641 

6 1 4 .75 t, 14.875 14.8125 0.422 0.219 

Thus, after six iterations eO. finally falls tx:;jow Cs = 0.5%, and the computation can be 
terminated. 

-

These results are summarized in Fig. 5.7. The "ragged" nature of t�e true error is due 
to the fact thaI, for bisfXUOII, the true root can lie anywhere within the bracketing imerval. 
The true and approximate errors are far apart when the interval happens to be centered on 
the true rool. They arc close when the £rue root falls at either cnd of the interval. 

Although the approximate error does not provide an exact estimate of the true error, 
Fig. 5.7 suggests that eO. captures .the general downward trend of el. In addition, the plot ex
hibits the extremely attractive characteristic that eO. is always greater than £1. Thus, when 
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the roOl estimate is calculated. Previously calculated values are saved and merely 
as the bracket shrinks. Thus, II + 1 function evaluations are performed, rather 1ilaE. =--

5.3 THE FALSE-POSITION METHOD 

FIGURE 5. 12 
A graphical depiction of the 
method of false position. Similar 
"jangles used 10 derive the 
formula for lhe method ore 
.haded. 

Although bisection is a perfectly valid technique for derermining roots, its '''brute';",,,, 1 
proach is relatively inefficient. False posilion is an alternative based on a g,..ph;ca1� 

A shortcoming of the bisection method is that, in dividing the interval from Xi · 
equal halves, no acco�nt is taken of the magnitudes of/eXt) and!(xll). For example. 
is much closer to zero thanf�x.u), it is likely that the root is closer loxlthan to XII (F.:,:: 
An alternative method that exploits this graphical insight is to join !(Xt) and f 
straight line. The intersection of this. lin';. with the x axis represenL<; an improved 
the root. The fact that the replacement of the curve by a straight line gives a '''falS< .... � 
of the root is the origin of the name, method offalse position, or �n Latin. regula 
also called the linear imerpoialioll method. 

Using similar triangles (Fig. 5.12), the intersection of the straight line with Cit 
c·an be estimated as 

/(x,) f(x,) 
--- = 

which can be solved for (see Bo:<. 5.1 for details). 

j(x) 
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Box 5.1  Derivation of the Method of False Position 

[. (5.6) to yield 

= f(x. )(x, - x,) 
rearrange: 

then adding and subtracting x" on the right-hand side: 

xf,!(x/) XI/(X,, ) 
x, = x,, + - X,, -

f(x,) f(x,,) f(x,) - f(x,, ) 

-

:.)J = x,.!(x/) - x,J(x,,) Collecting terms yields 

( .,.): 

- XIJ(X�) 
- f(xi) 

_.".::x""-,-f,,(-,::;,,o-) --, 
x, = X/f + f(x,) - J(t.,,) 

XI/(x,,) 
J(x,) - f(x,) 

(85. 1 . 1) or 

r the method of false position. Note that il allows 
f the root Xr as a function of the lower and Lipper 
It C[ln he put in nn [llternlltive foml by cxpnnding 

X" = XI/ - j(x,,)(Xt - x,,) 
f(x,) - fex,) 

which is the sarnt:;1." Eq. (5.7), We use Ihi� form htr.:uLlse il involves 
one tess function evnlumion and one less multiplicmion than 
Eq. (B5. 1.l). In addition. it is directly comparable with the secant 
methtxl which will be discussed in Chap. 6. 

/) XI/(X,, ) -- -
'(x,) f(.',) - fex.) 

<AMPLE 5.5 

-

Thjs is the faise-position formllla, The value of x" computed with Eq, (5.7) then replaces 
whichever of thc two initial gucsses, XI or Xrj, yields a fUl;�tion value with the same sign as 
f(xr) , In this way, the vnlues of XI and x" nlwuys brm:ket the true roOt. The process is 
repeated until the root is estimated adequately. The algorithm is identical to the one for bi
section (Fig, 5,5) with the exception that Eq. (5.7) is used for step 2. In addition, the same 
stopping criterion lEq, (5,2)] is used to terminate the computation. 

Folse Position 

Problem Statement, Use the false-position method to dctcnninc the root of the same 
equation investigated in Example 5.1 (Eq. (ES.! ,  1)]. 
Solution. As in Example S.3, initiate the computation with guesses of XI = 1 2  and 
X,j = 16. 

First iteration : 

Xl = 1 2  

XII = 16  
I(x,) = 6.0699 

I(x,,) = -2.2688 

-2.2688(12 - 16) 
x, = 16 - 6.0669 ( 2.2688) = 

14.91 13 

which hal; a true relative error of 0.89 percent. 

Second iteration: 

I(x,)l(x,) = - 1 .5426 



FIGURE 5.13 
Comparison of Ihe relative 
errors 01 the bisection and the 
false-position methoos. 

T herefore, the rool lies in the first subinterval, and x, becomes the upper limit f(I 
iteration, Xu = 14.9113: 

x, = \2 fIx,) = 6.0699 

x, = \4.91\3 fIx,) = -0.2543 

9 3 _
-

..c0.",2 5",4",3.o:( 1",
2
,-

-
-,

1",4",. 9ccl :.:13-'.) 
Xr = 14. 11 -

6 . 0669 - ( -0 2543) 
\4.7942 

which has true and approximate relative errors of 0.09 and 0.79 percent. Adm 
tions can be performe<! to refine the estimate of the roots. 

A feeling for the relative efficiency,�f the bisection and false-position m;::�:: 
appreciated by referring to Fig. 5.13, where we have plotted the true percent 
for Examples 5.4 and 5.5. Note how the error for false position decreases much 
for bisectiOlJ because of the more efficient scheme for foot location in the faIse
method. 

RecaU in tne bisection method that the interval between XI and Xu grew s� 

the course of a computation. The interval, as defined by &/2 = Ixu - x/ 1/2 fix 
iteration, therefore provided a measure of the error for this approach. This is 00l 

10 
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for the method of false position because one of the initial guesses may stay fixed through� 
out the computation 11S the other guess converges on the root. For instance, in Example 5,6 
the lower guess XI remained at 1 2  while Xu converged on (he root. For such cases, the inter· 
val does not sh.ink but rather approaches a constant value. 

Example 5.6 suggests that Eq. (5.2) represents a very conservative error criterion. In 
fact, Eq. (5.2) actually constitutes an approxillllltion of the discrepancy of the previous 
iteration. This is because for a case such as Example 5.6, where the method is converging 
quickly (for example, the error is being reduced nearl), an order of magnitude per 
iteration), the root for the present iteration x�w is u much bener estimate of the true value 
than the result of the previou� iteration x�ld . Thus, the quantity in the numerator of 
Ell. (5.2) actually represents the discrepancy of the previous iteration. Consequently, we 
are assured that satisfaction of Eq. (5.2) ensurcs that the root will be known with greater 
aeeumey than the prescribed tolerance. HO\vever, as described in the next section, there 
are cases where false position converges slowly. For the.'ic cases, Eq. (5.2) becomes unre
liable, and an alternative stopping criterion must be developed. 

5.3.1 Pitfalls of the False-Position Method 
Although the false-position method would seem t.o always be the bracketing method of 
preference. there arc cases where it performs poorly. Tn fact, as in the following example, 
there arc eel1ain C"lses where bisection yields superior results. 

A Case Where Bisection Is Preferable to Folse Position 

Problem Statement. Use bisection and false position to locate the root of 

J(x) = xlO _ l  

between x = 0 and 1.3. 

Solution. Using bisection, the results can be summarized as 

Iteration XI x. X, eo (%) Et (%) 
I 0 1 . 3 0.65 1 00.0 35 
2 0.65 1 .3 0.975 33.3 2.5 
3 0.975 1 .3 1 . 1 375 14.3 1 3 . 8  
4 0.975 1 . 1 375 1 .05625 7.7 5_6 
5 0.975 1 .05625 1 .0 1 5625 4.0 1 .6 

. .'-

Thus, after rive iterations, the true error is reduced [0 less than 2 percent For false position, 
a very different outcome is obtained: 

Iteration XI X. X, eo ('Yo) Et (%) 
I 0 1 . 3  0.09430 90.6 

2 0.09430 1 .3 0_ 1 8 1 76 48_1 8 1 . 8  
3 0. 1 8 1 76 1 .3 0.26287 30.9 73] 
4 0_26287 1 . 3  0.338 1 1  22.3 66.2 
5 0. 338 1 1 1 . 3  0.40788 1 7_ 1 59.2 
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I(x) 

10 

5 

FIGURE 5.14 

Plot of fIx) = x10 - I ,  illustrating $Iow convergence of the folse-position method. 

After five iterations. the U'ue error bas only been reduced to about 59 percent. In adl 
rion, note tlU11 Ea < 6" Thus, the approximate error is misleading. insight into these resu 
can be gained by examining a plot of the function. As in Fig. 5. 14, the curve violates t 
premise upon which false position W<lS based-that is. if /(x/) is much closer to zero th 
/(X'I)' then the 1'001 is closer to Xl than to x,. (recall Fig. S.12). Because of the shape of t 

present function, the opposite is true . 

The forgoing example illustrates that blanket generalizations regarding root-lOCUli 
methods arc lIsually not possible. Although a method such as false position is of len sur 
rior to bisection, there are invariably cases that violine this general conclusion. Therefo. 

in addition to using Eq. (5.2), the results should al ways be checked by substituting the rc 
estimate into the original equalion nnd determining whether the result is close to zero. Su 

a check should be incorporated into all computer programs for rool location. 

The example also illustrates a major weakness of the false�position method: its on 
sidedness. ThaI is, <IS iterations arc proceeding, one of the bracketing points will tend 
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stay fixed. This can lead to poor convergence, patticularly for fUllctions with significant 
curvature. The following section provides a remedy. 

5.3.2 Modified Folse Position 
One way to mitigate the "one-sided" nature of false position is to have the algorithm detect 
when one of the bounds is SlUck. If this occurs, the funcrion value at the stagnant bound can 
be divided in half. This is called the modifiedfalse-positiQIl method. 

TIle algorithm in Fig. 5.15 implements this strategy. Notice how counters arc used to 
detcnninc when one of the bounds Slays fixed for Iwq.iterations. If Ihis occurs, the runction 
valli(;: at this stugnant bound is halved. 

The effectiveness of this algorithm can be demonstrated hy applying i llQ Example 5.6. 
If a stopping criterion of 0.01 % is used. lhe bisection and standard fabe-position methods 

FUNCTION ModFalsePos (xl, xu, es, imax, xr, iter. ca) 

itp.r = 0 
fl - flxl) 

fu = ((xu) 
DO 

xl'old .., XI' 
XI' ,.. xu - fu * (xl - xu) / (fl - fa) 
(,. '" t'( xr') 
iter '" iter + 1 

IF XI' <> 0 THEN 

ea = Abs((xr - xrold) / xr) * 100 
END IF 
t('st ""' fl ,.. fr 
IF test < 0 THEN 

xu = xr 
fu - flxu) 
iLl = 0 
i I = i1 + 1  
I( i 1  � 2 TII[N fl = f1 I 2 

ElSE IF ies t > 0 THEil 
xl = xr 
fl - fix / )  
j /  - 0 
iu = iu + 1 
IF iu 2: 2 m[N fu = ftl I 2 

ELSE 
ea = a 

I NO IF 

IF ec < es OR iter C!: imax THEN EXIT 
END iXJ 
ModFa lsePos = xr 

(NO Modra lscPos 

., 

\ • 
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would converge in 14 and 39 iterations, respectively. In contrast, the modified 
position method would converge in 12 iterations. Thus, for this example, it is sorr 
more efficient than bisection and is vastly superior 10 the unmodified false-p( 
method. 

5.4 INCREMENTAL SEARCHES AND DETERMINING 
INITIAL GUESSES 

FIGURE 5.16 
Cases where roots could be 
missed because the increment 
length of the search procedure 
is too large. Note that the last 
root on the right is multiple and 
would be missed regardless of 
increment length. 

Besides checking an individual answer, you must determine whether all possible rool 
been located. As mentioned previously, a plot of the function is usually very useful iT 
ing you in this task. Another option IS to incorporate an incremental search at the beg 
of the computer program. This consists of :Starting at one end of the region of intece 
then making function evaluations at small increments across the region. When the fu 
changes sign, it is assumed that a root falls within tbe increment. The x values at t 
ginning and the end of the increment can then serve as the initial gues

·
ses for one 

bracketing techniques described in (his chapter. 
A pOLential problem with an incremental search is the choice of the increment I 

If the length is too 5I11a11, the search can be very time consuming. On the other hand 
length is too great, there is a possibility that closely spaced roots mjght be I 
(Fig. 5.16).  The problem is compounded by the possible existence of multiple roots. 
tial remedy for such cases is to .yompute the first derivative of the function rex) 
beginning and the end of eaeh interval. If the derivative changes sign, i t  suggests 
minimum or maximulll may have occurred and that the interval should be examinee 
closely for the existence of a possible fOOt. 

Allhough such modifications or the employment of a very fine increment can all 
the problem, it should be clear that bmte-force methods such as incremental search <' 
foolproof. You would be wise to supplement such automatic lechniques with any 
information that provides insight into the location of the roots. Such information ( 
found in plotting and in understanding the physical problem from which the eq 
originated. 

1(X) 

x 



PROBLEMS 

)BLEMS 
Ihe real roots of I(x) = -0.5x2 + 2.5x + 4.5: 

uadratic formula. 
: itemtions of the bisection method to detenninc 
root. Employ iOltial guesses of XI = 5 and Xu = 10. 
e estimated error tn and the true error E, after each 

:he real roal of [(x) = 5x3 - 5x2 + 6x - 2 :  

I 
:I;on to locale the root. Employ initial guesses of 
x" = I and iterate until the estimated error en falls 
el of ts = 10%. 

the real root of f(x) = -25 + 82x - 90x2 + 
.7x5: 

lion 10 determine the root 10£J = 10%. Employ ini
of XI = 0.5 and Xu = 1.0. 

� same computation as in (b) but use the false
thod and £, = 0.2 %. 
line the roOlS of !(x) = -1 2 - 21x + 1 8x1 -
Illy. In addition, determine the first root of the 
I) bisection, Wld (e) false position. For (b) and (e) 
es of XI = - 1  and x" = 0, and a stopping criterion 

first nontrivial root of sin x = xl, where x is in 
graphical technique and bisection with the initial 
) to I. Perform the computation until £0 is less Ihan 
perform an error check by subslituling your final 
original equation. 
the positive real root of In (X4) = 0.7 (8) graphi
hrce iterations of the bisection method. with initial 
0.5 and Xu = 2, and (e) using three iterations of the 
ethod, with the same initial guesses llS in (b). 
he real root of f(x) = (0.8 - 0.3x}/x: 

iterations of the false-position method and initial 
and 3. Compute the approximate error £0 and the 

. afler each ilerulion. Is there a problem with the 

,silive square root of 18 using the false-position 
:1 £s = 0.5%. Employ initial guesses of XI = 4 and 

�llest po�itive root of the function (x is in radians) 
using the false-position method. To locate the 

the root lies, first plot this function for values of x 
5 .  Perform the computation until £Il falls below 

13 1  

el = I %. Check your final answer by substituting it into the origi-
nal function. � 
5.10 Find the positive real root of fex) dx4 - 8x ) :' 35x2 + 
450x - IDOl using the false-position method. Use initial guesses 
of XI = 4.5 and Xu = 6 and performs five iterations. Compute both 
the true and approximate errors based on the fact that the root is 

5.60979. Use a plot to explain your results and pcrform the compu
tation to within 6, = 1.0%. 

5.11 Detennine the real root of xl.S = 80: (n) analytically, and 
(b) with the fal�-position method to within £, = 2.5%. Use initial 
guesses of 2.0 and 5.0. I> 5.12 Given 

f(x) = _2x6 - 1.5x4 + lOx + 2 

Use bisection to determine the maxilllwn of this function. Employ 
initial guesses of XI = 0 and Xl/.= 1, and perform iterations until 
the approximate relative error falls below 5%. 
5.13 The velocity tI of a falling parachutist is given by 

v = c; (I _ e-(c1m)t) 

where g = 9.8 m/s2. For a parachutist with a drag coefficient 
c = 15 kg/s, compute the rnllss m so that the velocity is tI = 35 mls 
at I = 9 s. Use the false-position method to determine IN to a level of 
s, = 0.1%. 
5.14 A beam is loaded as shown in Fig. P5.14. Use the bisection 
method to solve for the position inside the beam where there is no 
moment. 

100 1b/ft 100lb 

� 3' ---+--- 3' ---+--- 4 --;- 2 --: 

Figure PS.14 

5.15 Water is nowing in a trapezoidal channel at·a rate of Q = 
20 m3/s. The critical depth y for such a channel must satisfy the 
equation 

Q' 
0 = 1 - - 8 

8A� 

, 
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where g = 9.81 m/s2, Ac = the cross-sectional area (m2), and IJ = 

the width of the channel at the surface (m). For this case, the width 
and the cross-sectional area can be related to depth y by 

8 = 3 + y  and y' Ac = 3Y + T  

Solve for the critical depth using (a) the graphical method, (b) bi. 
section, Hod (e) false position. For (b) and (c) use initial guesses of 
XI = 0.5 and XII = 2.5, and iterate until the approximate error falls :\ 
below 1 %  Of the number of iterations exceeds 10. Discuss your 
l'e�iU1tS. 
5.16 You are designing a spherical tank (Fig. PS.16) to hold water 
for a small village in a developing country. The volume of liquid it 
can hold can be computed as 

V / 'l r3 R - fl] = JI' I 
3 

where V = volume [mJ], h = depth of water in tunk [m], and R = 
the tank radius Lm]. 

R 

h 

Figure PS.16 

If R = 3 m. to what depth must the tank be filled so thllt it holds 
30 m3? Use three iteratiolls of the fal�-positiol1 method to deter
mine your answer. Determine the approximate relative error after 
each iteration. 
S.li The saturation concentration of dissolved oxygen in rresh

water can be calculated with the equution (APHA, 1992) 

1.575701 x 10' 
In os[ = - 139.3441 1 + .::.:=�-"--'-'-T, 

42308 

+ 1 .243800 x 1010 8.621949 X 101 1 

T' , T' , 

T '  , 

where 0s/ = the saturation concentration of dissolved 0: 
freshwater at 1 atm (mglL) and T(/ = absolute tempera! 
Remember that Ta = T + 273. 15 ,  where T = temperatl 
According to this equation, saturation decreases with in 
temperature. For typical natural waters in temperate clim 
equation can be used to detennine that oxygen conci 
ranges rrom 14.621 mgIL at O°C to 6.413 mgfL at 40"C. 
vulue of oxygen concentration, this formula' and the I 
method Clm be u sed to solve for temperature in QC. 

(a) If the initial guesses are sct as 0 and 40"C. how many I 
iterations would be required to determine temperalu 
absolute error ofO.05CC? 

(b) Develop and test 11. bisection prognun to dctcnninc T a 
tion of a given oxygen concentration to a prespecified 
error as in (a). Given initial guesses of 0 and 40"C, ! 
program for an absolute errOT = 0,05"C und the fl 

cases: Os/= 8, to  and 12 mgIL. Check your results. 
5.18 Integrate the algorithm outlined in Fig. 5 . 1 0  into a c' 
user-friendly bisection subprogram. Among other things: 
(a) Place documentation statements tllroughout the subpfl 

identify what each section is intended to accomplish. 
(b) Lnbel the inpllt and output. 
(c) Add an answeT check that substitutes thc root cstimate 

original function to verify whether the final result is c10SI 
(d) Test the subprogram by duplicating the comeutatio 

Examples 5.3 and 5.4. 
5.19 Develop a subprogram for the bisection method til 
mizes function evaluations based 011 the pseudocode from r 
Determine the number of function evaluations (II) per to' 
tions. Tesl lhe program by duplicating Exmnp1c 5.6. 
5.20 Develop a user-friendly program for the false· 

method. The structure of your program should be simil, 
bisection fllgorithm outlined in Fig. 5.10. Test the Prol 
duplicating Example 5.5. 
5.21 Develop a subprogram for the false-position met] 
minimizes function evaluutions in a fashion similar to F 
Determine the number of function evaluations (n) per tOI 
lions. Test the program by duplicating Example 5.6. 
5.22 Develop a lIser-friendly subprogram for {he modifit 
position method based on Fig. 5.15. Test the program by dl 
ing the root of the fUllction described in Example 5.6. Rt 
number of runs until the true percent relative error fall 
0.0 I %. Plot the true and approximate percent relative eITO! 
number or iterations on semilog paper. Interpret your resu[ 
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Open Methods 

For the bracketing methods in the previous chapter, the root is located within an interval 
prescribed by a lower and an upper bound. Repeated applicalion of these methods always 
results in doser estimates of the true value of the root. Such methods are said to be COII
vergellt because they move closer to the truth as the computation progresses (Fig. 6.1a). 

Tn contrast, the open methods described in this chapter are based 011 formulas that 
require only a si ngle starting value of xor two starting vulues that do flot necessarily bracket 
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OPEN MElHODS 

the root. As such, they sometimes diverge or move away from the tru( 
computation progresses (Fig. 6 . 1  b). However, when the open methods convcq 
they usually do so much more quickly lhan the bracketing methods. We willi 
cussion of open techniques with a simple version that is useful for illustratinB 
form and also for demonstrating the concept of convergence. 

6.1 SIMPLE FIXED·POINT ITERATION 

6. 

As mentioned ab�vet open methods employ a formula to predict the root. SI 
can be developed for simpiefixed-poil1t iteration (or, as it is also called, one-l 
or sliccessive substitution) by rearranging the functionJ(x) = 0 so that x is or 
side of the equation: -> 

x = g(x) 

This tnmsformatioll can be ,tccomplished eitht::r by algebraic manipulation 

<ldding x to both sides of the original equulion. For example, 

x' - 2x + 3 = 0 

c;.tn be simply manip
.
�lated 10 yield 

x2 + 3 
x :;;: 

2 

whereas sin x = 0 could be pm into the form of Eq. (6.1) by adding x to bOil: 

.x = si n x + x  

The utility of Eq. (6.1) is that it provides a formula to predict a new , 
function of an old value of x. Thus, given an initial guess at the rOOIXj. Eq. (6. 
to compute a new estimate Xi+ l as expressed by the iterative formula 

.\';+1 = g(x;) 

As with other iterative formulas in this book, the approximate error for this e 
determined using the error estimator LEq. (3.5)] :  

I XI+I - x; 1 " = 100% 
Xj+1 

Simple Fixed-Point Iteration 

Problem Statement. Use simple fixed-point iteration to locate the root of) 

Solution. The function can be separated directly and expressed in the form 
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Starling with an initial guess of Xo = O. this iterative equation can be applied to compute 

i x, Eo (%) til (%) 
0 0 100.0 
1 1 .000000 1 00.0 76.3 
2 0.367879 1 7 1 .8 35.1  
3 0.692201 46 9 22.1  
-t 0.500473 38.3 1 1 .8  
5 0.606244 17 . .4 6�Q 6 0.545396 1 1 .2  31" 3 
7 0.5796 1 2  5.90 2.20 
8 0.560 1 1 5 3.48 1 .24 
9 0.57 1 1 43 1 .93 0.705 -

1 0  0.564879 1 .  1 1  0.399 

Th�IS, ench ite.ration brings the estimate closer to me true value of the root: 0.567J4329. 

6.1 .1  Convergence 
Notice that the true percent relative error for each iteration of Example 6.1 is roughly pro
purtion,,' (by a factor of about 0.5 to 0.6) to the error from the previous iteration. This prop
erty, called lillear crmvergen.c:e, is characteristic of fixed-point iteration. 

Aside from the "nlte" of convergence, we must comment at this point about the 
"possibility" of convergence. The concepts of convergence and divergence cun be depicted 
graphically. Recall that in Sec. 5. '1 ,  we graphed a function to visualize its structure and be
havior (Example 5.1). Such an approach is employed in Fig. 6.2a for the function /(x) = 

e-x - x. An alternati ve graphical approach is to separate the equation into two component 
parts, as in 

f,ex) = hex) 

Then the two equations 

y, = j,(x) (6.3) 
and 

y, = hex) (6.4) 

can be plotted separately (Fig. 6.2b). The x values corresponding to the intersections' of 
these funcliuns represent the roots of lex) = O. 

The Two-Curve Graphical Method 

Problem Statement. Separate the equation e-x - x = 0 into two purts and detcmline its 
root graphicaUy. 

Solution. Refol'll1lliate the equation as YI  = x and Y2 = e-x. The following vnlues can 
be computed: 
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" y, y, 
0.0 0.0 1 .000 
0.2 0 2  0 8 1 9  

0.4 0.4 0.670 

0.6 0.6 0.549 

0.8 0.8 0.449 

1 0  1 .0 0.368 

These points are ploued in'\Fig. 6.21J. The intersection of the two curves indicates a :  
estimate of approximately x = 057, which corresponds to the point where the single C1I 
in Fig. 6.2a cro�ses the x axis. 

FIGURE 6.2 
Two alternotive graphical methods for determining the root of fIx) = e-)( - x. !a) Root 01 the 
point where it crosses the x axis; !b) rool 01 the intersection of the comfX'nent functions. 
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6.1  SIMPLE FIXED-POINT ITERATION 1 37 

The two-curve method can now be used to illustrate the convergence and divergence 
of tixed-point iteration. First, Eq. (6. J)  can be fe-expressed as a pair of equations y, = x 

and Y2 = g(x). These two equations can then be plotted separately. As was the case with 
Eqs. (6.3) and (6.4), the r001S of J(x) = 0 cOITespond to the abscissa value at the lnters�c
tion of the two curves. The function YI = x and four different shapes for Y2 = g(x) are plot
ted in Fig. 6.3. 

For the first case (Fig. 6.3(/). the initial guess of Xo is used to determine the correspond
ing point on the Y2 curve [xo. g(xo)]. The point (Xl, Xl) is located by moving left horizontally 
to the YI  curve. These movements are equivalent to the first iteration in the fixed-point 
method: 1 

X I  = g(xo) 

Thus, in borh the eqLlution and in the plot, a stnrting value orxo is used to-obtain an estimate 
of XI , The next iterat'ion consists of moving to [Xl, g(xl)] and then to (X2, X2), This iteration 

y y 

Yl = g(x) 

.t2 '�I '\'0 

(0) (b) 
Y y 

12 = g(x) 

x 
(e) (d) 
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Box 6. 1  Convergence of Fixed-Point Iteration 

From studying Fig. 6.3, it should be clear that fixed-point iteration 
converges if, in the region of interest, Ig'(x)1 < I.  In other words, 
convergence occurs if the magnitude of the slope of g(x) is less 
than the slope oflhe line [(x) = x. This observation can be demon
strated theoretically. Recall that the iterative equation is 

XI+I = g(x,) 

Suppose that the true solution is 

x, = 8(X,) 

Subtracting these equations yields 

Xr - Xi+ 1 = g{x,) - C(x/) (86. \ .I)  

The derivative nWQII-valuc theorem (recall Sec. 4.1 .1) states that if 
a function g(x) and its firs! derivative are continuous over an lnter
vn! a .:::: x ::: h, then there exists at least one value of x = � within 

the interval sllch chat 

g'(,) 
= 

g(b) - g(a) 
h - a  (86.1.2) 

The right�h�md side of this equation is the slope of the line joining 

g(o) and g(b). Thus, the mean�value theorem states that there is at 
least one point bet ween (I and b that has a slope. designated by g' (�), 
which is parallel to the line joining g(a) and g(") (recall Fig. 4.3). 

- -

Now, if we leI a = Xi and b = XTo the right�hand side 
(B6. I.l) can be expressed as 

g(x,} - g(x,} = (xr - x/ )g'(;) 
where S is somewhere between X/ and x,. This resull can I 
substituted into Eq. (B6.1 . 1)  to yield 

x, - X;+I = (x, - x/)g'(';) 

If .the true error for iteration i is defined as 

EI,/ = x, - XI 
then Eq. (86.1.3) becomes 

£1.1+ 1 = g'(;)£I.1 

Consequently, if Ig'(x)1 < 1, the errors decrease with each itl 
For Ig' (x) I :>  I ,  the errors grow. Notice also that if the denv 
positive. the errors will be positive, and hence, the iterative s 
will be monotonic (Fig. 6.3a and c). H the derivative is ne 

the errors will oscillate (Fig. 6,3b and d), 
An offshoot or the analy.�is is that it also demonstrates t1u 

i'he method converges, the en'or is roughly proportional to a 
than the error of the previous step. For this reason, simpl� 
point iteration is said to be linearly convergent. 

...------ ---------'---

is equivalent to the equation 

x, = g(x,) 
The solution in Fig, 6.30 is convergent because the estimates of x move closer 
root with each iteration, The same is true for Fig. 6.3b, However, this is not the c< 

Fig. 6.3c and d, where the iterations diverge from the root. Notice that CQnvel 
seems to occur only when the abso lute value of the slope of Y2 = g(x) is Jess th 
slope of Yl = x, thut is, when Is'(x) 1  < 1 .  Box 6.1 provides a theoretical derivat 
this resull. 

6. 1 .2 Algorithm for Fixed-Point Iteratipn 

The computer algorithm for fixed�point jteration is extremely simple. It consists of 
to iteratively compute new estimates until the terniinaLion criterion has been met. Fig! 
presents pseudocode for the algorithm. Other open methods can be programmed in , 
lar way, the major modification being to change the iterative formula that is used to co 

the new root estimate. 
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6.2 THE NEWTON-RAPHSON METHOD 

FUNCTION nxpt(xO. es. fmax. iter. ea) 
xr = xO 
iter = 0 

00 
xrold "" xr 
xr = g(xroldJ 
iter = iter + 1 
IF xr '* a THEN 

ea = I xr -x;r01d l ' 100 

END IF 
IF ea < es OR iter � imax EXIT 

END 00 
Fixpt = xr 

END FlxpL 

j(x) 

Stope . /'(x1) 

I(x/) - - -- -------------

x, 
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-> 
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6.2 THE NEWTON·RAPHSON METHOD 

Perhaps the most widely llsed of all root-locating formulas is the Newton-Rtlphson equa
tion (Fig. 6.5). If the initial guess at the root is XI. a tangenL can be extended from the point 
rXi. !(Xi)] .  The point where this tangent crosses (he x axis usually represents �m improved 
csti mate of the root. 
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EXAMPLE 6.3 

OPEN METHODS 

The Newton-Rnphson method can be derived on the basis of this geometrical ill 
prclation (an alternative method based on the Taylor series is described in Box 6.2). A 
Fig. 6.5, the first derivative al x is equivalenl lo the slope: 

/,(x,) 
= 

!(x,) - 0 

Xi - xl+1 
which can be rearranged to yield 

!(Xi) Xj+l = Xi - f'(xd to 

which is called the NelVlOll-Raphsonjorfllllla. 

Newton·Rophson Method 

. .' 

Problem Statement. Use the Newlon-Raphson method to estimate the root of f(1 
e-x - x, employing an initial guess of Xu = O. 
Solution. The first derlvative of the function can be evaluated as 

/,(x) = -e-' - 1 
which can be substituted along \'(ith the original function into Eq. (6.6) to give 

Starting with 1.1Il initial guess of Xo = 0, this itemlive equation can be applied to com 

'" e, (%) 
0 0 100 
I 0.500000000 1 1 .8  
2 0.5663 1 1 003 0. 147 
3 0.567 1 43 1 65 0.0000220 
4 0.567 1 432QO < 10-8 

Thus, the approach rapidly converges on the true roOI. Notice that the true l>ercent reI; 
error at e,lch iterution decreases much faster than it does in simple fixed-point iten 

(compare with Examplc fl. 1) .  

6.2.1 Termination Criteria and Error Estimates 

As with other rool-location methods, Eq. (3.5) can be w.cd as a termination criterion. Ii 
dition, however, the Taylor series derivation of the method (Box 6.2) provides theore 
insight regarding the rate of convergence as expressed by E;+1 ;:::: 0(£;). Thus the , 

should be roughly proportional t.o the square of the previous errol'. In other words 
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Box 6.2 Derivation and Error Analysis of the Newton-Raphson Method 

� geometric derivation lEqs. (6.5) and (6.6)], the 
'II method may also be developed from the Taylor 
1. This altemative derivation is useful in that it n[so 
I into the r:lle of convergence of the method. 

Chap. 4 that the Taylor series expansion Can be rep-

'(,) + !,(Xd(X/+l - Xi) 
f" «) 
�(Xi+ 1 - XI)Z (86.2.n 

l�where in the inlcrvlll from x/tO Xi I I .  An npproxi
ohtainabl� by truncatil1g the series aftt!T the first 

ion with the .t axis. f(xl+d wHuld be equal Iu 

be obtained. For this situation .\"'+ 1 = Xr• where x is the true value 
of the rool. Substituting this value along with [(.tr) = O· into 
Eq. (B6.2. I )  yield� 

J"(�) o � f(x,) + /,(x, )(x, - x,) + 2!(x, - x,)' (86.2.3) 

Equation (B6.2.2) can be SlIbtracted fmm Eq. (86.2.3) to give 

, ; J"C<) 0 =  f (Xi)(Xr - XI+-I) + �(Xr - Xi)l (136.2.4) 

Now, re;lli'l� (hat tho error is equnl lo tho discrepancy between XII 1 
lJlld the true valUe! x" ns in . .� 

£'I.i j 1 = Xr - Xi+l 
lind Eq. (86.2.4) can be expressed as 

O f'( )E- I"(n E' = Xi t.lH + 2'! 1./ (86.25) 

/'(.1/)(.\'/ / 1  - XI )  
Ived for 

(150.2.2) ff we assume convergence, both Xi and � should eventually be ap-
proximated by lhe root Xr• and Eq. (D6.2.5) em} he reurranged to 

yield 
f(x, ) 
t(.l,) E .  � -I"(x,) E' 1,1+1 2fl(xr} 1.1 (86.2.6) 

11 10 Eq. (6.6). Thus, we have derived the Newlon· 
! 1I.'10g a Tuylof �crit:s. 

Accorliing to Eq. (86.2.6), the error is mughly prop?rtional 10 the 
s(lunrc of the previous crror. This means that the number of correct 
decimal plaees approximarely doubles with eaeh iteration. Such 
behavior is referred to as qlladratic conVel;�(!lIce. Example 6.4 
manifests this pro�rty. 

lC derivation, the Taylor scrie.. .. can also be used to 
r of the formula. This can be done hy renlizing that 
'aylor series were employed, nn exact rc�ull would 

number of signifi(.:unt figures of <.Iccuraey approximately doubles with each iremLion. This 
behavior is examined in the following example. 

XAMPLE 6.4 Error Anolysis of Newton-Rophson Method 

Problem Statement. As derived in Box 6.2, the Newton-Raphson method is quadntti
eally eOllvt!rgenr. That is, the error is roughly proportional to the square of [he previous 
error, as in 

E . :::::: -/"(xr} £1. 
I.I+J - 2j"(xr) 1./. 

Examine this formula and see if it applies to the results oj' Exalllple 6.3. 

Solution. The rirst derivative off(x) = e-·r - x is 

t(x) = _e-x - I 

(EM_I) 
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which can be evaluated at x, = 0.56714329 as /'.(0.5671 4329) = - 1 .56714329. 
second derivative is 

["(x) = e--� 
which can be evaluated as 1"(0.56714329) = 0.56714329. These result'> can be substit 
into Eq. (E6.4. I )  to yield 

ELI"" � 
0.567 14329 E,', = 0. 1 8095E,', 2(- 1 .5671 4329) . . 

From Example 6.3. the initi� error was £,,0 = 0.567 1 4329, which can be substituted 

the ClTor equal ion to predict 
-

E,., � 0.18095(0.567 14329)' = 0.0582 .. 

which is close to the true error of 0.06714329. For the next iteration, 

EL, � 0. 1 8095(0.06714329)' = 0.0008158 

which also compares favorably with the lrue error of 0.0008323. For the third iteral 
E,,3 ::: 0, 1 8095 (Il.0008323)' = 0.0000001 25 

which is the error obt:lined in Example 6.3. The error e.I\timate improves in this rna 
because, as we come closer to the root, x and � arc better <lpproximaled by x, lrecall 
assumption in going from Eq. (B6.2.S) to Eq. (B6.2.6) in Box 6.2]. Finally. 

£,.4 � 0.18095(0.000000125)' = 2.83 x 10-" 

Thus. this example i11ustrates lhat the error of the Newton�Raphson method for this ca! 
in facl, roughly proportional (by u factor of 0.1 8095) to the square of the error of the 
vious iteration. 

6.2.2 Pitfalls of the Newton-Raphson Method 

Although Lhe Newton�R aphson method is often very efficient, there are situations wh. 
perfonns poorly, A special case-multiple roots-will be addressed later in this ch� 
However. even when dealing with simple rool", difficulties can also arise, as in the fol 
ing example, 

. 

r:=='_JE�XA l .5 Exomple of 0 Slowly Converging function with Newlon-Rophson 

Problem Statement, Determine the p0siLive foot,of f(x) = xiO - 1 using the Nev 
Ruphson method and an initial guess of x =:  0.5, 

Solution. The Newton�Raphsoll formula for this case is 

x lO _ 1 ,. " ''-0-" .... i+ l =: ""i - -lOx � , 
which can be used to compute 
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Iteration 

o 
1 
2 
3 
4 
5 

00 

x 
0.5 

5 1 .65 
46.485 
41 .8365 
37.65285 
33.887565 

1 .0000000 
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Thus, after the first poor prediction, the technique is converging on'the""true root of 1, but 
at a very slow rate. 

Aside from slow convergence due to the nature of the function, other difficulties can 
arise, as illustrated in Fig. 6.6. For example, Fig. 6.60 depicts the case where an inflection 
point [that is, F'(x) = 0] occurs in the vicinity ofa root. Notice that iterations beginning at 
Xo progressively diverge from the root. Figure 6.6b illustrates the tendency of the Newton
Raphson technique to oscillate around a local maximum or minimum. Such oscillations 
may persisc, or as in Fig. 6.6b, a near-zero slope is reached

': whereupon the solution is sent 
far from the area of interest. Figure 6.6c shows how an initial guess that is close to one root 
can jump to a location several roots away. This tendency to move away from the area of 
interest is because ncar-zero slopes are encountered. Obviou�ly, a zero slope [f'ex) = 0] is 
truly a disaster because it causes division by zero in the Newton-Raphson formula 
rEq. (6.6)]. Graphically (see Fig 6.6d), it means that the solution shoots off horizontally 
and never hils the x axis. 

Thus, there is no genem! convergence criterion for Newton-Raphson. hs convergence 
depends on the nature of the function and on the accuracy of the initial guess. The only 
remedy is to have an initial guess thaI is "sufficiently" close to the root. And for some 
functions, no guess will work! Good gues�es are lIsually predicated on knowledge of the 
physical problem setting or un devices such as graphs that provide insight into the behav
ior of the solution. TIle lack of a general convergence criterion also suggests that good 
computer software should be designed La recognize slow convergence or divergence. The 
next section nddresses some of these issue:;. 

6.2.3 Algorithm for Newton-Raphson 

An algorithm for the Newlon�Raphson method is readily obtained by substituting Eq. (6.6) 
for the predictive formula fEq. (6.2)J in Fig. 6.4. Nore, however, that the program must 
also be modified to compute the first derivative. This can be simply accomplished by the 
inclusion of a user-defined function. 

Additionally, in light of the foregOing discllssion of potentiaJ problems of the Newton
Raphson method, the program would be improved by incorporating f;everal additional 
features: 

( 
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I(x) 

x, 
x 

(a) 
j(x) 

(e) 
[(x) 

x 

(d) 

FIGURE 6.6 
Four cases where the Newton-Rophson method exhibits poor convergence. 

, 
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1. A plotting routine should be included in the program. 

145 

2. At the end of the computation, the final root estimate should always be substituted into 
the original function to compute whether the result is close to zero. This check partially 
guards against those cases where slow or oscillating convergence may lead [0 a small 
value of 6(/ while the solution is still far from a root. 

3. The program should always include an upper limit on the number of iterations to guard 
against oscillating, slowly convergent, or divergent solutions .. that could persist inter
min ably. 

4. The program should alert the user and take account of the possibility that f'(x) might 
equal zero at any time during the computation. � 

6.3 THE SECANT METHOD 

A potential problem in implementing the Newton.Raphson method is the evaluation of the 
derivative. Although this is not inconvenient for polynomials and many other functions, 
there are certain functions whose derivatives may be extremely difficult or inconvenient to 
evaluate. For these cases, the derivative can be approximated by a backward finite divided 
difference, as ill (Fig. 6.7) 

!'(x, ) ;;, 
1(xl_') - 1(x,) 

Xi_r - Xi 

FIGURE 6.7 
Graphical depiction ot the secant method. This technique is similar to the Newton-Raphson tech
nique (Fig. 6.5) in the sense that an estimate of the root is predicted by extrapolating a tangent 
of the function to the x axis. However, the secant method uses a d ifference rather than a deriva
tive to estimate the slope. 

j(x) 

x, x 
, 
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TIli5 approximation can be substituted into Eq. (6.6) to yield the following iter. 
equation: 

!(Xj)(Xi_l - Xi) X;+I = Xi -
!(X'_ I ) - /(x,) 

Equation (6.7) is the formula for the secant method. Notice that the approach requires 
initial estimates of x. However, because lex) is not required to change signs betweel 
estimates, it is not classified as a bracketing method. 

II 

EXAMPLE 6.6 The Secant Method 

Problem Statement. Usc the secant method'to estimate the root of I(x) = e-:C - x. 

with initial estimates of .x_I = 0 and Xo ;:;; 1.0. 

Solution. Recall that the true root is 0.56714329 . . .  , 

First iteralion: 

L I  = 0 f(x_ll  = 1.00000 

XI) = I l(xu) = -0.63212 

-0.63212(0 - 1 )  .. Xl = 1 -
1 - (-0.6321 2) 

= 0.61 270 /;;, = 8.0% ( 
Second iteration: 

Xo = 1 
XI = 0.61 270 

/(xo) = -0.63212 
/(X I )  = -0.07081 

(Note that both estimates arc now on the same side of the root.) 

-0.0708 1(1 - 0.61270) x, : 0.61270 - -0.63212 _ (-0.07081) = 0.56384 

Third iteration: 

x,  = 0.61270 /(XI )  = -0.07081 
x, = 0.56384 fix,) = 0.005 1 8  

x : 0.56384 _ 0.005 1 8(0.6 1 270 - 0.56384) = 0.56717 3 -0.07081 _ (-0.005 1 8) 

- " .  

&, = 0.58% 

f.,'f = 0.0048% 

6.3.1 The Difference Between the Secant and False·Position Methl 

Note the similarity between the secant method and the false-position method. For exalt 
Eqs. (6.7) and (5.7) are identical on a term·by�term basis. Both lise two initial eSlimall 
compurc an approximation of the slope of the function that is used to project to the x 

for a new estimate of the root. However, a critical difference between the methods is 
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one of the initial values is replaced by the new estimate. Recall that in the false�posi(ion 
method the latest estimate of the foot replaces whichever of the original values yielded a 
function value with the same sign asf(xr), Consequently. the two estimates always bracket 
the root. Therefore, for all practical purposes, the method always converges because the 
rOOl is kel)( within the bracket. [n contrast, the secant method replaces the values in strict 
sequence. with the new value .\'/+1 replacing Xi and Xj replacing Xi_I, As a result, the two 
values can sometimes lie on the same side of the root. For certain cases, this can lead to 
divergence. 

� 
XAMPLE 6.7 Comparison of Convergence of the Secont and False-P()silion Techniques 

\ 

Problem Statement. Use the false·position and secant methods �o e:�timate the root of 

fex) = In x. Start the computation with values of X, = X;_I = 0.5 and Xu = Xi = 5.0. 

FIGURE 6.8 

Comporison of the fol.se-p:Jsilion and the secont methods. The first iteralions (0) and (b) for both 
techniques ore identical. However, for the second iterations lei and (d). the p:Jinls used differ. As 
a consequence, the secont method con diverge, as indicated iD (d). /--

lex) j(x) 
Secant 

x ., 

(a) (b) 

/(x) /(x) 

x 

(e) 

x , 

(d) 

x • 
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Solution. For the false�position method, the use of Eq. (5.7) and the bracketing 
for replacing estimates results in the following iterations: 

Iteration XI X" x, 
1 0.5 5.0 1 .8546 

2 0.5 1 .8546 1 .2 1 63 

3 0.5 1 . 2 1 63 1 .0585 

� 
As can be seen (Fig. 6.8a and c). I�le estimates are converging on the true root " 
equal 10 I. 

For the secant method, usiJlg Eq. (6.7) and the .';cquclltial criterion for replacin,:

mutes results in 

Iteration 
1 

2 

)(1_1 
0.5 

5.0 

Xi 
5.0 

1 . 8546 

As in Fig. 6.8d, the upprow.:h is lIi"vergent. 

X/+1 
1 .8546 

-0. 1 0438 

Although the secant method may be divergent. when it converges it .luallY doe< 
u quicker rute than the false·position method. For instance, Fig. 6.9 demonstrates the 
riority of the secant method in this regard. The inferiority of the false-position "" .... 

due to one end staying fixed to m,lintain the bracketing of the root. This propeny, v.: 
an advantage in that i t  prevents divergence, is a shortcoming with regard to the rate: 
vergence; it makes the finite·difference estimate a less·accurate approximation 
derivative. 

6.3.2 Algorithm for the Secant Method 

As with the other open methods, an algorithm for the secant method is obtaincd si 
modirying Fig. 6.4 so that two initial guesses arc input and by using Eq. (6.7) \0 C 

the root. In addition, the options suggested in Sec. 6.2.3 for the Newton·Raphson 
can also be applied to good advantage for the secant program. 

6.3.3 Modified Secant Method 

Rather than using two arbitrary values to estimute the derivative, an alternative app"" 
involves a fractional perturbation of the independent variable to estimate I'(x), 
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FIGURE 6.9 

10  

E 10-2 
� 
o 0. 4l 10-3 
2 >-

Iteratlons 

Comparison of the true percent relative errors 81 for the methods to determine the roots of 
fix) = e-)( - x. 

where .5 = a sm.lll perturbation fntction. This approximation can be substiluted into Eq. (6.6) 
to yield the following iterative equation: 

! xsJ(X; ) 

'" X; - -;f(;-x-I -;+-'o;'·x-:;)-'--'-;f;-(x-'I) 

XAMPlE 6.8 Modified Secont Method 

(6.8) 

Problem Statement. Use the modified secant method to estimate the root of f(x) = 

e-x - x. Use a value of 0.01 for 8 and start with Xu = 1.0. Recall that the true roOl is 
0.56714329 . . . .  
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Solulion. 
First iteration: 

Xo = I f(xo) = -0.63212 
Xo + oXo = 1 .0 1  /(xo + ,xo) = -0.64578 

x = 1 _ 0.01 (-0.63212) 
= 0.537263 1 -0.64578 _ (-0.63212) 

Second iteration: 

Xo = 0.537263 f(xo) = 0.047083 
Xo + oXo = 0.542635 f(xo + ,xo) = 0.038579 

x = 0.537263 _ 0.005373(0.047083) � 0.56701 1 0.038579 _ 0.047083 
Third iteration: 

Xo = 0.56701 f(xo) = 0.000209 

le,1 = 5 .3% 

Ie, I = 0.0236% 

Xo + Oxo = 0.572680 f(xo + oxo) = -0.00867 

x = 0.56701 _ 0.00567(0.000209) = 0.567143 1 -0.00867 _ 0.000209 
Ie, I = 2.365 x 10-''1 

The choice of a proper vallie for 0 is not automatic. lf  0 is too �lllall, the method car 
swamped by round-otT error caused by subtractive cancellation in the denominatm 
Eq. (6.8). If it is too big, the technique can become inefficient and even divergenL I-X! 
ever, if chosen correctly, it provides a nice alternative for case".;;/where evaluating 
derivative is difficult and developing two initial guesses is inconvenient 

6.4 MULTIPLE ROOTS 

A multiple root corresponds to a point where a function is tangent to the x axis. For ex;a 
pie, a double fOot results from 

[(x) = (x - 3)(x - 1)(x - 1) 
or, multiplying terms, f(x ) = x3 � 5x2 + 7x - 3. The equation has a double root beca 
one value of x makes two terms in Eg. (6.9) equal to 7.ero. Graphically, this corresporu 
the curve touching the x axis tangentially at tbe double root. Examine Fig. 6. lOa at.r = 

Notice thut the function touches the axis but does not cross it at the root. 
A triple roof corresponds to the cuse where one x value makes three terms in an 

tion equal to zero, as in  

fix) = (x - 3)(x - 1)(x - 1)(x - I )  

Of, multiplying terms, J(x) = X4 - 6x3 + 12x2 - lOx + 3 .  Notice that the graphica:! , 
piction (fig. 6. lOb) again indicates that the function is tangent to the axis at the TOOL ' 
that for this case the axis is crossed. In general, odd multiple roots cross the axis, wta 
even ones do not. For example, the quadruple root in Fig. 6.lOc does not cro�� the l!I 

.. 
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6.4 MULTIPLE ROOTS l S I  

Multiple roots pose some difficulties for many of the numerical methods described in 
Part Two: 

1. The fact that the function does not change sign at even mUltiple roots precludes the use 
of the reliable bracketing methods that were discussed in Chap. 5. Thus, of the methods 
covered in this book, you are limited to the open methods that may diverge. 

2. Another possible problem is related to the fact that not only I(x) but also f'(x) goes to 
zero at the root. This poses problems for both the Newton-Raphson and secant meth
ods, which both contain the derivative (or its estimate) in the denominator of their re
spective formulas. This could resll!t in division by zero when the solution converges 
very close to the rool. A simple way to ci.rcumvent these problems is based on the fact 
that it can be demonstrated theoretically (Ralston and Ra\:?inowitz, 1978) thatf(x) will 
always reach zero before f'ex). Therefore, if a zero .9heck for f(x) is incorporated into 
the computer program, the computation can be tenninatcd before I'(x) reaches zero. 

3. It can be demonstrated that the Newton-Raphson and secant methods are linearly, rather 
than quadratically, convergent for multiple rOOIS (Ralston and Rabinowitz, 1978). 
Modifications have been proposed to alleviate this problem. Ralston and Rabinowitz 
(J 978) have indicated that a st ight chanM..-iIL the formulation returns it to quadratic 
convergence, as in 

jix;) 
Xi+t = Xi - m. f'ex;) 

(6.9a) 

whcre In is the multiplicity of Ihe root (that is, 111 ;:; 2 for a double root, m ;;; 3 for a 
triple roOi, etc.). or course, this may be an unsatisfactory alternative because it hinges 
on foreknowledge of the multiplicity of the root. 

Another alternative. also suggested by Ralston and Rabinowitz ( 1 978), is to define a 
new function u(x), that is, the ratio of the function to its delivativc, as in 

I(x) u(x) � -
/'(x) 

(6.10) 

It can be shown that this function has roots at all the same locations �tS the original func
tion. Therefore, Eq. (6. 1 0) can be substituted into Eq. (6.6) to develop an alternative form 
of the Newton-Raphr;;oll method: 

u(x;) XI+1 = Xi - -
U'(Xi) 

Equation (6. 10) can be different.iated to give 

, /,(x)/,(x) - f(x)f"(x) 
It (x) - !..-"=-'=.:.......-'.:;=� -

[1'(x)], 

(6.11) 

(6.12) 

Equations (6.10) and (6.12) cun be substitlJ.ted into Eq. (6. 1 l ).and the result simplified to 
yield 

---

Xi + I ::::: Xi _ __-,fc:;;:X:c; )C-'I_',,(x:c.;!-) __ 
rf'(x;)]- - j(x;)I"(x;) 

(6.13) 
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EXAMPLE 6.9 Modified Newton·Rophson Method for Multiple Roots 

Problem Statement. Use both the standard and modified Newton-Raphson method: 
evaluate the multiple root of Eq. (6.9), with an initial guess of Xo = O. 
Solution. The first derivative of Eq. (6.9) is f'ex) = 3x2 - lOx + 7, and therefore. 
standard Newfon-Raphson method for this problem is [Eq. (6.6)] 

x� - 5 x � + 7x; - 3 Xi+1 = Xi - '-'-:' ,,='.,..c.--",-=-=-3x1 - l Ox; + 7 
which can be solved iterativel y for, 

Xi 6, ('Yo) 
0 0 1 ()() 
1 0.42857 1 4 57 
2 0.6857143 3 1  
3 0.8328654 1 7  
4 0 9 1 3 3290 8.7 
5 0.9557033 4.4 
6 0.977655 1 2.2 

• 

As anticipated, the method is linearly convergent toward the true value of 1 .0. 
For the modified method, the second derivative is f"Cx) = 6x - lO, and the iteral 

relationship is (Eq. (6.! 3)] r 
(x? - 5x1 + 7xI - 3)(3x[ - lOx; + 7) 

X'+1 = Xi -
(

' . )' ( . 3 '  ) .  3xi - JOXj + 7 - Xi - SXf + 7x; - 3 (6..\,; � 10) 
which can be �olved for 

o 
1 
2 
3 

o 
1 .  1 05263 
1 .003082 
1 .000002 

e, (%) 
100 

1 1 
0 . 3 1  
0.00024 

Thus, the modified formula is quadratically convergent. We can also use both mem. 
tu search for the single root at x = 3. Using an initial guess of Xo = 4 gives the follow 
results: 

Standard Et (%,) Modified Sf (%) 
0 4 33 A 33 
1 3.4 1 3  2.636364 1 2  
2 3.1  3 . 3  2.820225 6.0 
3 3.008696 0. 29 2.961728 1 . 3  
4 3.000075 0.()()25 2998479 0.05 1 
5 3. ()()()()()() 2 )( 1 0-7 2.999998 7.7 x 1 0-5 

• 
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Thus, bmh methods converge quickly. with Ihe standard method being somewhat more 
efficienL. 

The above example illustrates the lrade·offs involved in opting For Ihe modified 
Newlon-Raphson method. Although it is preferable for multiple rOOIS, it is somewhat less 
efficient and requires more computational effort than the standard method for simple roots. 

It should be noted that a modified version of [he secanl method suited for multiple 
roots cun also be developed by substituting Eg. (6.10) into Eq. (6.7). The resulting formula 
is (Ralston and Rabinowitz, 1978) � 

X/+l = Xi -
U(Xi)(Xi_l - Xi) 

u(XI_d U(Xi) 

6.S SYSTEMS OF NONLINEAR EQUATIONS 

• 

To this point, we have focused on the detennination of the roolS of a single equation. A 
related prohlem i); [0 locale the rOOIS of a sel of simultaneous equations, 

fl(Xl , Xl, . .  " X/I) = 0 

(6.14) 

The solution of this system consists of a set of x value5 that simultaneously result in all the 
equations equaling zero. 

In PUTI Thr�e, we will present methods for the ea5C where the simultaneous equations 
arc linear-that i5, they can be expressed in  the general form 

/(.17) = lI.tXl + (.J.2X2 + . . . + a"X" - b = 0 (6.15) 
where the b and the a's are constants. Algebraic and transcendental equations that do not fit 
this format arc culled nOlllillear equations. For example, 

x' + xy = l O 

and 

y + 3xy' = 57 

are two simultaneous nonlinear equations with two unknowns, x and y. They can be ex
prc$$cd in the form of Eq. (6.14) as 

II(X, y) = x' + xy - 10 = 0 (6.1 00) 
v(x, y) = y + 3xy' - 57 = 0 (6. 16b) 

TIlliS, the solution wuuld be the values of x and y that muke the functions u(x, y) and v(x, y) 
equal to zero. Most approaches for determ ining such solutions are extensions oflhe open 

! 
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methods for solving single equations. In thi$ section, we will investigate two of 1 
fixed-point iteration and Newlon-Raphson. 

6.5.1 Fixed-Point Iteration 

The fixed-paint-iteration approach (Sec. 6. 1 )  can be modified to solve two Sill1uJtHn� 
nonlinear equations. This upproach will be illustrated in the following ex<unple. 

E PlE 6. I 0 Fixed·Point Iterotion for 0 Nonlineor System 
• 

Problem Statement. Use fixed-point iteration to determine the roots of Eq. (6.1 6). 
thai a COiTect pair of rOOIS is x = 2 and y = 3. in.iliale the computation with gu 
x = 1 .5 and y = 3.5. .' 
Solution. Equation (6. 1 611) can be solved for 

10 - xl 
X,+1 = --'

y; 

and Eq. (6.16b) can be solved for 

Yl+l = 57 - 3xiY; 
Note that we will drop the subs�ript" for the remainder of the examp0 

On the basis of the initial guesses, Eq. (E6. 10.1) can be lIsed to determine a new 
of x: 

t o  - (1 .5)' 
x = = 2.21429 

3.5 

This result alld tlle initial value of y = 3.5 can be substituted into Eq. (E6. 1 0.2) to 
mine a new value of y: 

)' = 57 - 3(2.21429)(3.5)' = -24.37516 
Thus, the approa<.:h seem!;; to be diverging. This behavior is even more pronounced 
second iteration: 

x = 
10 - (2.21429)

' 
= -0.20910 

-24.375 16 
y = 57 - 3(-0.20910)(-24.37516)' = 429.709 

Obviously, the approach is deteriorating. 
Now we will repeat the computation but with the original equations sel up in a di 

ent format. Por example. nn alternative formulation of Eq. (6.16a) is 

x = )IO - "y 
nnd ofEq. (6.t 6b) i' 

/57 - y 
y = 

3x 
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Now the results are more satisfactory: 
x = /10 - 1.5(3.5) = 2,1 7945 

57 - 3.5 
l' = V 3(2.17945) 

= 2,86051 

x = /10 - 2,1 7945(2.86051) = 1 . 94053 

_ 57 - 2,86051 _ 
3 049 5 Y � V 3(1 .94053) - , 

5 " " 
Thus, the approach is converging on the true values of x = 2 and y = 3. 

I SS 

TIle previous example illustrates the most serious shortcoming of simple fixed-point 
iteration-lhat is, convergence often depends on the manner in which the equations are for
mulated. Additionally, even in those instances where convergence is possible, divergence 
call occur j f the initial guesses are insufficiently close to the true solution. Using reasoning 
similar to that in Box 6. 1 ,  it can be demonstrated that sufficient conditions for convergence 
for the two-equation case are 

and 
I au H iJu I ax iJy 

I o"Hv" I ax i:Jy 

" < 1 

< 1 

These criteria are so restrictive that fixed-point iteration has limited utility for solving non
linear systems. Huwever, as we will desclibe later in the book, it can be very useful for 
solving linear systems. 

6.5.2 Newton-Raphson 

Recall lh<ll Ihe Newlon-Ruphsun method W<lS predicated on employing the derivative 
(that is, the slope) of a function to estimate its intercept with the axis of the independent 
variable-t!wt is, the ruot (Fig. 6.5). This estimate was based on a first-order Taylor series 
expansion (recall Box 6.2), 

(6. 17) 
where XI is the initial guess at the rOOI and XHI is the point at which the slope intercepts the 
x axis. Al lhis inlercept,j(xi+l) by definition equals zero and Eq. (6.17) can be rearranged 
m yicld 

. 

!(x;) Xi+1 = Xi -
f'(x;) 

whieh is the single-equation form of the Newton-Raphson method. 

(6.18) 



160 

Roots of Polynomials 
• 

.. 

In this chapter, we will discuss methods to find the roots of polynomial equations 
general rorm 

f,,{x) = ao + nix + ll2X2 + . . . + ollx" 

where " = the order of the polynomial and the a's = constant coefficients. Althou_ 
coefficients can be complex numbers. we will limit our discussion to cases where thei 
real. For such cases, the rOOts can be real aodlor complex. 

The rootS of such polynomials follow these rules: 

1. For an nthMordcr equation, there are n real or complex roots. It should be not 
these roots will not necessarily he distinct. 

2. If /I is odd, there is at least one real root. 
3. fr complex roots exist. they exist in conjugate pJirs (that is, A + J.Li and A - I),;). 

i = R. 
Before describing the techniques for locating the roots of polynomials, we will p 

some background. The first section offers some motivation for studying the Icehniqu 
second deals with some fundamental computer rmlllipulutions involving polynomial 

7. 1 POLYNOMIALS IN ENGINEERING AND SCIENCE 

Polynomials have many applications in engineering and science. For example, they are 
extensively in curve-fining. However, we believe that one of their most interesting and � 
elfu\ applications is in characterizing dynamic systems and, in pal1iculaf, linear sysIJ 
Examples include mechanical devices. structures. and electrical circuits. We will be eXI 
ing specific examples throughout the remainder of t!lis text. In particular, they will be 
focus of several of the engineering applications throughout the remainder of this text . 

POl' the time being, we will keep the discussion simple and general by foclising 
simple second-order system defined by the following linear ordinary differential equtJ 
(or ODE): 

d2y dy 02 - +0,- + aoy = FCr) d(1. til 
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When complex roots are possible. the bracketing methods cannOt be used because of 
the obvious problem that the criterion for defining a bracket (that is, sign change) does not 
translate to complex guesses. 

Of the open methods, the conventional Newlon-Raphson method would provide a 
viable approach. In particular, concise code including deflation can be developed. If a 
language that accommodates complex variables (like Fortran) is used, such an algorithm 
will locate both real and complex roots. However, as might be expected, it would be sus
ceptible [0 convergence problems. For this reason, special methods have been developed to 
find the real and complex roots of polynomials. We describe two-the MUlier and Bairslow 
methods-in the following sections. As you will see, �oth are related to the more conven� 
tional open approaches described in Chap, 6. 

7.4 MULLER'S METHOD • 

two related 
>coting rools: 
hod ofld 
d.  

Recall that the secant method obtains a rool estimate by projecting a straight line to the x 
axis through two function values (Fig. 7.3a). MUlier's method lakes a similar approach. but 
projects a parabola through three points (Fig. 7.3b). 

The method consists of deriving the coefficients of the parabola that goes through the 
Ihree points, These coefficients can then be substituted into the quadratic fonnl1la 10 obtain 
the point where the parabola intercepts the x axis-that is, the root estimate. The approach 
is facilitated by writing the parabolic equation in a convenient form, 

h(x) = a(x - x,)' + b(x - x,) + c (7.17) 
We wanl this parahola to intersect the three points [Xo.!(xo)]. [XI.!(XI)], and [X2.!(X2»). The 
coefficients of Eq. (7.17) can be evaluated hy substituting each of the three points to give 

/(.1'0) = a(xo - x,)' + b(xo - x,) + c (7.18) 

f(xd = a(x\ - X2)2 + b(x\ - X2) + c 
J(X2) = a(x2 - X2)2 + b(X2 - X2) + c 

I(A) Straight I(x) line 

Root 
estimate 

\ 
.', Xo .< 

Root 

(a) 

x, 

Root 

(h) 

, , , 
: Parabola 
, , , , , , , , , 

x, Xo x 

Root 

estimate 

(7.19) 
(7.20) 
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Note that we have dropped the subscript "2" from the function for conciseness. Bee:! 
have three equations, we can solve for the three unknown coefficients, a, b, and c. ': 
lWO of the terms in Eq. (7.20) are zero, it can be immediately solved for c = /(X2). :
coefficient c is merely equal lo the function value evaluated at the third guess.. 
result can then be substinlted into Eqs. (7.18) and (7.19) to yield two equations 
unknowns: 

/(xo) - /(x,) = a(xo - x,)' + b(xo - x,) 
/(XI) - /(x,) = a(x, - x,)' + b(xi - x,) 

! 
Algebraic manipulation can..then be used to solve for the remaining cocfficiem 

h. One way to do this involves defining a numbe( of differences, 

ho = Xl - Xo 

00 = /(xd - /(xo) 
Xl - Xo 

hI = X2 -'Xl -'� 

0,  = /(x,) - f(x, )  
X2 - X l 

These can be substituted into Eqs. (7.21) and (7.22) to give 

(ho + hilb - (ho + hIl'a = hooo + hlol 
hi b - h� a =  111 01 

which can be solved for 0 and.!:,. The results can be summarized as 

0, - 00 
a = 7h '-I +-:-:-"'-0 
b = ah1 + 01 

c = f(x,) 

To find the root, we apply the quadratic formula to Eq. (7 . 17). However. bee 
potential round·off error, rather than using the conventional form, we use the ah! 
formulation [Eq. (3.13)J 10 yield 

-2c X3 - X, = 
;:b-;±-..;r.:b'" =4;=0=c 

or isolating the unknown x) on the left side of the equal sign, 

- 2c X3 = Xl + ;-;-:��;= 
b ± ";b' - 4ac 

Note tbat the use of tbe quadratic fonnuJa means that both real and complex roots 
located. This is a major benefit of the method. 

In addition, Eq. (7.270) provides a neat means to determine the approximate Oi 
cause the left side represents the difference between the present (x)) and the pfe'\ ' 
root estimate, the error can be calculated as 
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Now, a problem with Eq. (7 .27a) is that it yields two roots, corresponding to the ± term 
in the denorninator. In Muller's method, the sign is chosen to agree with the sign of b. This 
choice will result in the largest denominator, and hence, will give the root estimate that is 
closest to X2. 

Once X3 is determined, the process is repeated. This brings up ule issue of which point 
is discarded. 1\vo general strategies are typically used: 

1. If only real roots are being located, we choose the two original points that are nearest 
rhe new root estimate, X3. 

2. If both real and complex roots are being evaluated{1 a sequential approach is employed. 
That is, just like the secant method, Xl. x2. and x) lake th� place of .to. Xl. and X2. 

AMPLE 7.2 Muller's Melhod 

Problem Statement. Use MOller's method with guesses of Xo, Xl>  and x2 = 4.5, 5.5, 
and 5, respectively. to determine a root of the equation 

f(x) � x' - 13x - 12 

Note that the roots of this equation are -3, -1,  and 4. 

Solution. First, we evaluate the function at the guesses 

f(4.5) � 20.625 f(5.5) � 82.875 f(5) � 48 

which can be used to calculate 

ho � 5.5 - 4.5 = I 
�o � 82.875 - 20.625 

= 62.25 
5.5 - 4.5 

h I � 5 - 5.5 � -0.5 

�, � 48 - 82.875 
= 6

9
.75 

5 - 5.5 

These values in turn can be substituted into Eqs. (7.24) lhrough (7.26) to compute 

69.75 - 62.25 a � � 15 
-0.5 + 1 b � 15(-0.5) + 69.75 = 62.25 

The square root of the discriminaIH can be evaluated as 

/62
.
252 - 4(15)48 � 31.54461 

c � 48 

Then. because 162.25 + 3 1 .544511  > 162.25 - 31 .5445 11 ,  a positive sign is employed in 
the denominator of Eq. (7.27/J), and the new root estimate can be determined as 

-2(48) . x, � 5 + 
62.25 + 31 .54451 � 

3
.
976487 

,md develop the error estimate 

1
-

1 .02
35

1
3

1 <" � 
3.976487 

I 00% � 25.74% 

Because the error is large, new guesses are a�$igned; Xo is replaced by XI, XI is replaced by 
..\"2. and X2 is replaced by .\':1. Therefore. for the new iterntion, 

Xo = 5.5 Xl = 5 x, � 3.976487 
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and the calculation is repeated. The results, tabulated below, show that the metho 
verges rapidly on the root, Xr = 4: 

i x, EQ (0/0) 
0 5 
1 3.976487 25.74 
2 4.00105 0.6139 
3 4 0.0262 
4 4 ; O.OOCX: ll 1 9 

Pseudocode to implement Muller's Illetl1'od for real roots is  presented in Fig. 7" 
tice that this routine is set up to take a single initial nonzero guess that is then pertur 

FIGURE 7.4 
Pseudocode for Muller's method. 

SUB Hu 7 7er(xr, h, eps, �xit) 

X2 = Xr 
Xl = Xr + h*x,: 
Xo "" Xr � h*xr 
DO 

iter "" i ter + 1 
ho == Xl - Xo 
hI = X2 - Xl 
do = (f(xd - f(xo )) I ho 
dl = (f(xz) - f(xl)) / hI 
a = (dJ - do) I (hI + he) 

b = a*h] + d1 

c = f(x;) 

rad = 50RT(b*b - 4*a*c) 

If Ib+radl > Ib-radl THEN 

den = b + rad 

ELSE 
den = b - rad 

END IF 

dXr = -2*c I den 

xr = xz + dxr 
PRINT iter. Xr 
IF (Idx,. ) < eps*xr OR iter > =  maxit) EXI T  

Xo = Xj 

Xj = X2 

Xz = x,.. 

END DO 
END MUl Ter 



PROBLEMS 

JBLEMS 
:.>Iynomial /(x) = x" - 7.5x3 + 14.5x2 + 3x - 20 
Jl factor x - 2. Is x = 2 a root? 
llynomialf(x) = x.s - 5x" + .rl - 6.\2 - 7x + 10 by 
lCiar ,f - 2. 
.'� method to detennine Ihe positive rcul root of 

.\.2 - 3x - 5  
0.5x2 + 4x - 3 

" s  method or MATLAB to determ ine the real and 
,[ , 
x' + 3,, - 2  

+ 6-1..2 + 10 
2\-3 + &xl - Ity + 8 

)\v's method to determine the roots of 
+ 6.2.1"- 4.1:2 + 0.7.-1 
- 21 .97x + 1 6 .3.\'2 - 3.704x3 
�x3 + 5x2 - x - I O  

program to implement Mil11er's method. Test it by 
_mplc 7.2. 
19ram developed in Prob. 7.6 to determine the real 
1.4a. Construct a graph (by hand or with Excel or 

lhies package) 10 develop 5uilablc sI<1I1ing guesses. 
)rograrn to implement BairSlow's method. Test it by 
mple 7.3. 
-grdm developed in Prob. 7.8 to determine the roOIS 
, in Prob. 7.5. 
: the real root of xH = 80 with the Goal Seck capa
)r u !ibntry 01' pucknge of your choice. 
ity of n f!llling pnrnchmisl is given by 

m/.�2. For a parachutist with :t drag coefficient c = 
[e [he mliSs 11/ so [hilt [he velocity is u = 35 mls at 

Goal Seek capabil ity of Exccl or a library or pack
ice to determine III. 
: the roots of the simultaneous nonlinear cquutions 

\" + 0.75 
.2 

;ucsses of x = )' = 1.2 and use the SOl vee 10111 from 
-y or package of your choice. 
: Ihe rools of the simuh3neous nonlinear equations 
y _ 4)2 = 5  

5 
approach 10 oblain your inilia] gue. .. ses. Determine 

:s with the Solver tool from Excel or a library or 

. choke. 

1 85 

7.14 Penonn the identical MATLAB opermions as those in 
Example 7.7 or us� or package of your choice to find all 
the roots of the 1ynomial 

f(x) = (x - 4)(x + 2)(x - 1)(.< + 5) (.< - 7) 

NOIe that the poly function can be used 10 convert the rOOIS to a 

polynomial .  
7.15 Use MATLAB or a library or plIckage of your choice to 
delermine the roots for the equations in Prob. 7.5. 
7.16 Develop a subprogntm to solve for the roots of a polynomial 

using the IMSL routine, ZREAL or II library or package of your 
choice. Test it by determin ing the real rools of the equations from 
Probs. 7.4 and 7.5. 
7.17 A two-dimension"l circul:lfcylill(ler is placed in a high-speed 
uniform flow. Vortices shed frOIll the cylinder III <l const<lnt fre
quency, and pressure scnsol'� on the rear surface of the cyl indcr de
lect this frequency by calculating how often the pressure oscillates. 
Given threc data points, use MUller's method 10 find (he time where 
the pressure was zero. 

Time 0.60 1).62 0.64 
Pres.sun! 20 50 60 

7.18 When trying 10 find the acidity of a solulion of mllgnesium 
hydroxide in hydrochloric acid, we obtain the following equation 

A(x) = xl + 3.5x2 - 40 

where x is tbe bydronium ion concenlratioll. Find the hydrolljum 
ion concentration for a SHlunnct! solution (acidity equals zero) 

lIsing two di fferent methods in MATLA B (for ex'lmple. graphical ly 

and lhe roots fUl1ction). 
7.19 ConSider the following system with three unknowns a, II, 
tlnd 1): 

1/2 _ 2v2 = (/2 
11 + 11 - 2  
02 - 20 - 11 = 0  

Solve for the real values of the unknowns using: (a) the Excel Solver 

and (b) a symbolic manipulator software package. • 
7.20 In control systems analysis, transfer functions are developed 
that mathematically relate the dynamics of a system's input to its 
output. A transfer function for a robotic positioning system is 
given by 

c (s) _.,..::.,�J .;;+:,1�2c:.5:::., 2,,+;::.5:::.0:;. 5::," :;+...:6�6= G(,,) = - = N(s) s4 + 1 9.�l + 1 22\· 2 + 296s + 1 92 

\ 
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where G(s) = system gain. C(s) = system output, N(s) = system 
input, ands = laplace transform complex frequency. Use a numerical 
technique to find the roots of the numerator and denomi nator and 
factol' these into the form 

where ai and hi = the roOIS of the numerator and denominator. 
respectively. 
7.2J Develop ;m M-fi1c function foJ' bisection in a similar fashion 
to Fig. 5.10. Test the function by duplicating Ibe computations from 
Examples 5.3 and 5.4. 
7.22 Develop an M·lile function for the false-position method. 
The structure of your function should be similar to the bisection 

algorithm outlined in Fig. 5.10. Test the program by dupl 
Example 5.5. 
7.23 Dc,'clop an M·tile function for the Newwll-Raphson 1 
based on Fig. 6.4 and Sec. 6.2.3. Along with the initial gut:! 
the fUI1(;tion and it� derivative as arguments. Test it by dupl 
the computation from Example 6.3. 
7.24 Develop an M-11Ie function for the secant method b< 
Fig. 6.4 and Sec. 63.2. Along with the two initial guesses. � 
function as an argument. Test it by duplicating the camp /rom Example 6.6. 

' 7.25 Develop an M-file function for the modified secant I 
based"ol1 Fig. 6.4 and Sec. 6.3.2. Along with the initial gUl 
the perturbation fraction', paSS the function as an argumenL 
by duplicating the'-computation from Example 6.8. 



Case Studies : 
Roots of Equatio ns 

The. purpose of this chnpter is to lise the numerical procedures discussed in Chaps. S, 6, and 
7 to solve actual engineeri ng problems. Numerical techniques are important for practical 
applications because engineers frequently encounter problems that cannot be approached 
using amliytical techniques. For example, simple mathematical models that can be solved 
analytically may not be applicable when real problems are involved. Thus, more comp1i� 
cated models must be employed. For these cases, it is appropriate to implement a numeri
cal solution on a computer. In other situations, engineering design problems may require 
solutions for implicit variables in complicated equations . .  , 

The following case studies are typical of those that nre routinely encountered during 
upper-class courses and graduate studies. Furthermore, they are representative of problems 
you will <lddress professionally. The problems are drawn from the four major disciplines of 
engineering: chemical, civil, electrical, and mechanical. These applications <lIsa serve to 
illustrate the trade-offs among the various numerical techniques. 

The first application, taken from chemical engineering, provides an excellent example 
of how root-location methods allow you to use realistic rormulas in engineering practice. 
In addition, it also demonstrates how the efficiency of the Newton-Raphson technique is 
lIsed to advantage when a large number of root-location computations is required. 

The following engineeting design problems arc taken from civil, electrical, and me
chanical engineering. Section 8.2 uses both bnlcketing and open methods to determine the 
depth and velocity of water nowing in an open channel. Section 8.3 shows how the roots or 
transcendental equations can be used in the design of an electrical circuil. Sections 8.2 and 
8.3 also illustrate how graphical methods provide insight into the root-location process. 
Finally, Sec. 8.4 lIses polynomial root location to analyze the vibrations of an automobile. 

S.1 IDEAL AND NON IDEAL GAS LAWS (CHEMICAL/SIO 
ENGINEERING) 

Background. The i(/e lll gas law is given by 

pV = IIRT (8.1) 

where p is the absolute pressure, V is the volume, Ii is the number of moles, R is  the uni
versal gas constant, and T is the absolute temperature. Although this equation is widely 

187 
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used by engineers and scientists, it is accurate over only a limited range of pres: 
temperature. Furthermore, Eq. (8. 1 )  is more appropriate for some gases than f'o' 

All alternative equation of state for gases is given by 

(p + :' }v - b) = RT 

known as the vall del' Waals equation, where v = VIII is the molal volume and a a 
empirical constants that depend on the particular gas. 

A chemical engineerin* design project requires that YOll accumtely estimate 11 
volume (u) of both carbon l1ioxide and oxygen fot' a number of different tempera 
pressure combinations so that appropriate containment vessels can be selected. It i 
interest to examine how well each gas conforms' to the ideal gas law by comp<l 
molal volume as calculated by Eqs. (8. U and' (8.2). The following diltil are provid, 

R = 0.082054 L a'111/(11101 K) 

a = 3.592 I carbon dioxide 
b = 0.04267 

a = 1 .360 I oxygen 
b = 0.03183 

The design pressures of interest are 1 ,  iQ, and 100 atm for temperature combim 
300, 500, and 700 K. 

" 
Solution. Molal volumes for both gases are calculated lIsing the ideal gas law, wi1 
Por example, if p = I aIm and T = 300 K, 

V RT L atm 300 K v = - = - = 0.082054 -- -- = 24.6162 L1mol 
I! p mol K 1 atm 

The�e calculations are repeated for all temperature and pressure combinations , 
sented in Table 8.1 .  

TABLE 8.1 Compu1ations of molol volume. 

Molal Volume Molal ' 
Molal Volume (van der Waals) (van del 

Temperature, Pressure, (Ideal Gas law), Carbon Dioxide, Oxy. 
K aIm l/mol llmol Li" 

300 I 24 6 1 62 24.5126 24.5 
1 0  2.4616 2.3545 2.4 

1 00 0.2462 0.0795 0.2 
500 I 4 10270 40.0821 4 1 .C 

1 0  4. \ 027 4.0578 4.1  
1 00 0.4 103 0.3663 0.4 

700 I 57 4378 57.4 1 79 574 
1 0  5.7438 5.7242 5.1 

1 00 0.5744 0.5575 0.5 
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The computation of molal volume from the van der Waals equation can be accom� 
plished using any of thc numerical methods for nnding roots of equations discussed in 
Chaps. 5. 6, and 7, with 

j(u) = (I' + :' )cu - b) - RT (8.3) 

In this case, the derivative off(v) is easy to determine and the New[on�Raphson method is 
convenient and efficient to implement. The derivative of J(v) with respect to lJ is given by 

I a 2t, b 
f eu) = I' - - + -u2 u3 
The Newton�Raphsoll method is described by Eq. (6.6): 

f(u, ) 
U/+l = VI - --/,(u,) 

(8.4) 

• 

which can be used to estimate the root. For example, using the initial guess of24.6 1 62, the 
molal volume of carbon dioxide at 300 K and 1 aim is computed as 24.5 1 26 Um{)1. This 
result was obtained after just two iterations and has an So of less than 0.00 I percent. 

Similar complllations for all combinations of pressure and temperature for both 
gases are presented in Table 8. 1 .  It is seen that the results for the ideal gas law differ from 
those for van der Waals equation for both gases, depending on specific values for p and 
T. Furthermore, because some of these resuils arc significantly different, your design of 
the containment vessels would be quite different, depending on which equation of Slate 
was used. 

Ln this case, a complicated equation of state was examined using the Newton�Raphson 
method. The results varied significantly from the ideal gas law fOf several cases. Prom 
a practical standpoint, the Newton-Raphson method was appropriate lor this application 
bccRuse J'(I)) was easy to calculate. Thus, the rapid convergence properties of the Newtoll� 
Raphson method could be exploited. 

In addition to demonstrating its power for a single computation, the present design 
problem also illustrates how the Newlon-RClphson method is especially altractive when nu� 
merous computations are required. Because of the speed of digita l computers, the effi
ciency of various numerical methods for most roots of equations is indistinguishable for a 
single computa!ion . Even a I-s difference between the crude bisection approach and the ef
ficient Newton�Raphson does not amoullt to a significant time loss when only one compu� 
tat ion is performed. However, suppose that millions of root eVl.llLll\tiol1s are required to 
solve a problem. In this case, the efficiency of the method could be a deciding factor in the 
cboice of a technique. 

For example, suppose that you are called upon to design an automatic computerized 
control system for a chemical production process. This system requires accurate estimates 
of molal volumes on an essentially continuous basis to properly manufacture the final 
product. Gauges are installed that provide instantaneous readings of pressure' and tempera� 
lUre. Evaluations of v must be obtained for a variety of gases thai are used in the process. 

For sllch an application , bracketing methods such as bisection or false position would 
probably be too time�consuming. In addition, the two initial guesses that are required for 
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these approaches may also interject a critical delay in the procedure. This shortcom 
relevant to the secant method, which also needs two inilial estimates. 

Ln COlltJast, lhe Newton-Raphson method requires only one guess for lhe roo 
ideal gas law could be employed to obwin this guess at the initiation of the process. 
a'lsuming that the time frame is shorl enough so 1hal pressure and temperature do n() 
wildly between computations, the previous root so\urion would provide a good gUt 
the next application. Thus, the close guess that is often a prerequisite for convergel 
the Newton-Raphson method would automatically be availabJe. All the above cons 
lions would greatly favor the Newton-Raphson technique for such problems. i. 

8.2 OPEN-CHANNEL FLOW (CIVIL/ENVIRONMENTAL 
ENGINEERING) • 

Background. Civil engineering is a broad field that iJlclude$ such diverse area$ as 
tural, geotechnical, transpOltation, environmental, and water-resources engineerinl 
last two specialties deal with both water pollution and water supply, and hence. 
extensive use of the science of fluid mcchanics. 

One general problem relates to the flow of water in open channels such as rive 
canals. The flow rate, which is routinely measured in most major rivers and streams, 
fined as the volume of water passing a pm1icular point in a channel per L1nit time, Q ( 

Although the flow rate is a useful quantity, a further question relates to what h� 
when you put a specific flow rate into a sloping channel (Fig. 8.1).  In fact, two thing 
pen: the water will reach a specific depth H (m) and move at a specific velocity U 
Environmental engineers might be interested ill knowing these quantities to pred, 
transport and fate of pollutants in a river. So the general question is: If you are gi\\ 
flow rate for a channel, how do you compute the depth and velocity? 

Solution. The most fundamental relationship between flow and depth is the COli 
equllt;on: 

Q = VA, 
where Ac = the cross-$ectional area of the channel (m2), Depending on the channel 
the area can be related to the depth by some functional relationship. For the recta 

FIGURE 8.1  

"H .... ....... Q, u - -
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channel depicted i n  Fig. 8. 1 ,  Ac = BH. Substituting this relationship into Eq. (8.5) gives 

Q = UBH (8.6) 

where B = the width (m). It should be noted that the continuity equation derives from the 
cOl1servation oj mass (recall Table 1 . 1 ). 

Now, although Eq. (8.6) certainly relates the channel parameters, it is not sufficient 
to answer our question. Assuming that B is specified, we have one equation and two un
knowns (U and H). We therefore require an additional equation. For uniform flow (meaning 
that the flow does not vary spatially and temporally) the Irish engineer Robert Manning 
proposed the following semiempirical formula (appro�ria!ely called the Matmill8 equation) 

U = � R2/J Sl/2 
11 • 

(8.7) 

where 11 = the Manning roughness coefficient (a dimensionless number used \0 parame
terize the ciulllnel friction), S = the channel slope (dimensionless, meters drop per meter 
length), and R = the hydraulic radius (m), which is reiated to more fundamental parame
ters by 

A, 
R = P (8.8) 

where P = the wetted perimeter (m). As the name imp�ies, the wetted perimeter is the 
length of the channel sides and bottom that is under water. For example, for a rectangular 
channel, it is defined us 

P = B + 2H (8.9) 
It should be noted that just as the continuity equl.llion derives from the conservation of 
mass, the Manning equation is an expression of the conservation ojmomen/lIl1l. In particu
lar, it indicates how velocity is dependent on roughness, a manifestation of friction. 

Although the system of nonlinear equations (8.6 and 8.7) can be solved simulta
neously (for example, using the multidimensional Newlon-Raphson approach described in 
Sec. 6.5.2), an easier approach would be to combine the equations. Equation (8.7) can be 
subst.ituted into Eq. (8.6) to give 

Q = 
BH 

R2/l Sl/2 
" 

(8.10) 

Then the hydraulic radius. Eq. (8.8), along with the various relationships for the rec
tangular channel can be substituted, 

SI/2 (BH)'/l 
Q = 

-'-I (B + 2H)2/l 
(8. 1 1 )  

Thus, the equation now contains a single unknown H along with the given value fot' Q and 
the channel parameters (II, S, and 8). 

Although we have one equation with an unknown, it is impossible to solve explicitly 
for H. However, the depth can be determined numerically by reformulating the equation as 
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a roots problem, 

SI/2 (BH)'/3 
f(H) = -11- (8 + 2H)2/3 - Q = 0 
Equation (8.12) can be solved readily with any of tbe roOl-location methods des 

in Chaps. 5 and 6. For example, if Q = 5 m3/s, B = 20 m, n = 0.03, and S = O.O()( 
equation i s  

(20H)'/3 
f(H) = 0.471405 0 2/3 - 5 = 0 (2 + �N) 

It can be solved for H = O.702}m. The result can be checked by substitulio 
Eq. (8 . 13) to g;vc -

feN) = 0 471405 (20 x 0.7023)'/3 _ 5 = 7.8 x 10-' . (20 + 2 x 0.7023)2/3 

which is quite close to zero. 
Our other unknown, the velocity, can now be determined by substitution bac 

Eq. (8.6), 

Q 5 
U = BH = 20(0.7023) = O.356 m!, 

Thus, we have slIccessfully solvecl for the depth and velocity. 
Now let us delve a little deeper into the numerical aspects of this problem. One 

nent question might be: How do we come up with good initial guesses for our nun 
method? The answer depends on the type of method. 

For bracketing methods such as bisection and false position, one approach wouh 
determine whether we can estimate lowcr and upper guesses that always bracket a 
root. A conservative approach might be to choose zero as our lower bound. _Then, 
knew the maximum possible depth that could occur, this value could serve as the 
guess. For example, aU but the world's biggest rivers are less than about 10 Jl1 deep . . 

fore, we might choose 0 anc! 10 as our bracket for H. 
If Q > () and H :;:: O. Eq. (8.12) will  always be negative for the lower guess. A 

increased, Eq. (8.12) will increase monotonically and eventually become positive . .  
fore, the guesses should bracket a single rool for 1110St cases routinely confronted. in I 
rivers and streams. 

Now, a technique like bisection should very reliably home in on the root. Bli 
price is paid? By using sllch a wide bracket and a technique like bisection, the nun' 
iterations to anain a desirable precision could be computationally excessive. For ex: 
if a lolerance oFO.OOI m were chosen. Eq. (5.5) could be used to calculate 

log( 10/0.00 I) 
II :;:: :;:: 13.3 

log 2 
Thus, 14 iterations would be required. Ahhough Ihis would certainly nOl be cosdy fOJ 
gle calculation, it could be exorbitant if many such evaluations were made. The alterr 
would be to narrow the initial bracket (based on system-specific knowledge), chanl 
more efficient bracketing technique (like false position), or accept a coarser precisi< 
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Another way to get betler efficiency would be to use an open method like the Newton· 
Rnphson or secant methods. Of course, for these cuses, the problem of initial guesses is 
complicated by the issue of convergence. 

Insight into these issues can be attained by examining the least efficient of the open 
approaches-fIxed-point iteration. Examining Eq. (8.11), there are two straightforward 
ways to solve for H, that is, we can solve for either the H in the numerator, 

(QII)31'(B + 2H)'" 
N = 

853/10 

or the fI in the denominator 

H = � [S3(BH)'I' _ B] 
2 ( QII)312 

(8.16) 

(8.17) 
-> 

Now, here is where physical reasoning can be helpful. For most rivers and streums, the 
width is much greater \hUll the depth. Thus, the quantity 8 + 2H should nol vnry much. In 
fact, it should be roughly egual to B. Tn comparison, 81-1 is directly proportional to H. Con· 
sequently, Eg. (8.16) should home in more rapidly on the rool. This can be verified by sub� 
slitllling the bmckets of H = 0 and 1 0  into both equations. For Eq. (8.16), the results are 
0.6834 and 0.90 12, which ure both close to the true value of 0.7023. In contrast, the results 
for Eq. (8. t 7) are - 1 0  and 8,178, which clearly are distant from the rOOL 

The superiority of Eq. (8.16) is further supp0l1ed by component plots (recall Fig. 6.3). 
As in Fig. 8.2, the g(H) component for Eq. (S. 1 6) is almost Oat. Thus, it will nOt only con· 
verge, but should do so rapidly. In contrast, the g(fI) component for Eq. (S.17) is almost 
vertical, connoting strong and rapid divergence. 

There are (wo practical benefits to such un analysis: 
1. In the event that a more refined open method were used, Eq. (S.16) provides a means to 

develop Ull excellent starting guess. For example, if H is chosen as zero, Eq. (8.12) 

y y 
4 4 

>'2 = !l(H) 

2 }'I '" H 2 }'j '" H 

>"2 '" g(H) 

0 0 
0 2 H 0 2 H 

(l/ ) (b) 
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becomes 

(QIII B)'" Nn = S3/10 
where Ho would be the initial value used in the Newton-Raphson or �ecant me 

2. We have demonstrated that tixed-point iteration provides a viable option f( 
particular problem. For example, using an initial guess of H = 0, Eq. (8.16) : 
six digits of precision in four iterations for rhe case we are examining. One : 
where a fixed.poinl formula might cOllle in handy would be a spreadsheet 
calion. That is, sprcadsh��ts a� ideul for a convergent, iterative formula that dt 
on a single cell. 

8.3 DESIGN OF AN ELECTRIC CIRCUIT 
(ELECTRICAL ENGINEERING) 

Background. Electrical engineers often use Kirchhoff's laws to sllldy the steae! 
(not time-varying) behavior of electric circuits. Such steady-state behavior will be 
incd in Sec. 12.3. Another important problem involves circuits thaI are transient in 
where sudden temporal changes take place. Such a situation occurs following the 
of the switch in Fig. 8.3, In this case, there will be a period of adjustment rollow 
closing of the switch as a new steady state is reached. The length of this adjustment 
is closely related to the storage proper1ies of the capacitor and ule inductor, Energy 
may oscillate between these two elements during a transient period, However, resist 
the circuit will dissipate the magnilUde of the oscillations. 

The flow of current through the resistor causes a voltage drop (VH) given by 

VR = iR 

where i :::; the current and R :::; the resistance of the resistor. When R and i ·have 
ohms and amperes, respectively, VN has units of volts. 

Similarly, an inductor resists changes in cUlTent, such that the voltage drop V 
i t  is 

di 
V, = L

dl 

FIGURE 8.3 
An electric circuil. When the switch is closed, the currenl will undergo a series of osci!lal 
unli] a new steody slote is reached. 
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. , 

- -
Battery -=- Vo Capacitor 

+ + 

Resistor 

Inductor 



::I capoc;ilor as 0 
following the 

Nitch in 

8.3 DESIGN OF AN ELECTRIC CIRCUIT (ELECTRICAL ENGINEERING) 1 95 

where L = the inductance. When Land i have units of henrys and amperes, respectively, VL 
has units of volts and t has units of seconds. 

The voltage drop across the capaci tor (V c) depends on the charge (q) on it: 

'1 Vc = -C 
where C = the capacitance. When the charge is expressed in units of coulombs, the unit of 
C is the farad. 

Kirchhoff's second law states that the algebraic �um of voltage drops around a closed 
circuit is zero. After the switch is closed we have 

. 

di q 
L- + Ri + - = 0  dt C 

However, the current i s  related to the chllrge according to 

. dq 1 = -dl 
Therefore, 

d2q dq I 
L dt, + Rdi + C '1 = O (8.18) 

This is a second�order linellf ordinary differential equlIlioll that can be solved lIsing the 
methods of calculus (see Sec. 8.4). This solution is given by 

(8.19) 

where at ( =  0, q = lJo = VaC, and Vo = the voltage from the charging battery. Equa
tion (8.19) describes the time variation of the charge on the capacitor. The solution q(t) is 
plotted in Fig. 8.4. 

A typical electrical engineering design problem might involve determining the proper 
resistor to dissipate energy at a specified rate, with known values for L and C. For this prob
lem, assume the charge must be dissipated to I percent of its original value (q/qo = 0.01) 
in t = 0.05 s, with L = 5 H and C = 10-4 F. 

Solution. It is necessary to solve Eq. (8.19) for R, with known values of q, qu, L. and C. 
However, a numerical approximation teclmique must be employed because R is an implicit 
variable in Eq. (8.19). The bisection method will be used for this purpose. The other meth
ods discussed in Chaps. 5 and 6 are also appropriate , although the Newton-Raphson 
method might be deemed inconvenient because the derivative of Eq. (8.19) is a little cum-
bersome. Rearranging Eq. (8.19), 

. 

feR) = e-R,/(2L) cos [/_1 _ (.!!..-)' t] _ .'!... 
LC 2L '10 
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FIGURE 8.6 
Three examples of simple 
harmonic oscillators. The Iwo
way arrows illustrate the 
oscillations for each system,  
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FIGURE 8.5 
" 

Plot of Eq. (8 .20) used to obta in initial guesses for R thot bracket lhe roo1. 

or llsing the numerical values given, 

feR) = e-o.oo," co,[./2000 0.01 R' (0.05) 1 - D.III . " 

Examination of this equation suggests that a reasonable initial range for R is 0 Ie 
(because 2000 - 0.01 R2 must be greater than zero). Figure 8.5, a plot of Eq. (8.21 
firms this. Twenty-one iterations of the bisection method give R = 328. 1515 Q, 
error of less than 0.000 I percent. 

Thus, you can specify n resistor with this rating for the circuit shown in Fig. 
expect to achieve a dissipation performance that is consistent with the requirement 
problem. This design problem could not. be solved efficiently withou t lIsing tile nu 
methods in Chaps. 5 and 6. 

VIBRATION ANALYSIS (MECHANICAL! AEROSPACE 
ENGINEERING) 

Background. Differential equations are often used to model the vibration of engi 
systems. Some examples (Fig. 8.6) are a simple pendulum, a mass on a spring, 

inductance-capacitance electric circuit (recall Sec. 8.3). The vibration of these : 
may be damped by some energy-absorbing mechanism. in addition, the vibrati, 
be free or subject to some external periodic disturbance. In the latter case the m 
said to be forced. Tn this section, we will examine the free and forced vibratiol 
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automobile shown in Fig. 8.7. The general approach is applicable to various other engi
neering problems. 

As shown in Fig. 8.7. a car of mHSS III is supported by springs and shock absorbers. 

Shock absorbers offer resistance to the motion that is proportional to the vertical speed 
(up-and-down motion). Free vibrations result when the car is disturbed from equilibrium, 
stich as after encountering a pothole. At any instant after hitting the pothole the net forces 
acting 011 III are the resistance of the springs and the damping force of the shock absorbers. 
These forces tend to return the car to the original equilibrium state. According to Hooke\' 
lull', the resistance of the spring is proportional to the spring constant k and the distance 
from the equilibrium position, x. Therefore, 

Spring force = -kx 

where the negative sign indicates that the restoring force acts to return the car toward the 
position of equilibrium (lhat is, the negative x direction). The dumping force of the shock 
absorbers is given by 

. dx Dampmg force ;;:: -c 
d, 

where c is a damping coefficient and dx/dt is the vertical velocity. The negative sign indi
cares that the damping force <lets in the opposite direction against the velocity. 

The equations of motion for the system are given by Newton's second law (F = mal, 
which for the present problem is expressed as 

or 

d2x 
m x 

dt2 
-

--- � 
M�n • H�'Celeracion -

d2x dx 
m -, + c- + kx = O  

tit- dt 

dx 
(-kx) -c - + 

cI, 
'----v-' 
damping fo«e + ,pring fon:e 
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Thus. lIsing the above results and Fig. 8.10, it is found that the proposed car design will 
behave acceptably for common driving speeds. At this point, the designer must be aware 
that the design would not meet suitabi lity requirements at extremely high speeds (for ex
ample, racing), 

This design problem has presented an extremely simple example that has allowed us 
to obtnin some analytical results that were used to evaluate the accuracy of our numerical 
methods for finding rOOIS. Real cases can quickly become so complicated that solutions 
can be obtained only by lIsing numerical methods. 

)BLE�S 
::nginecring 
: same computation as in Sec. 8.1,  but for cthyl nl-

2 and b = 0.08407) at II temperature of 400 K and 
,mpare your results with the ideal gas law. Use any 
I methOds discussed in Chaps. 5 and 6 10 perfonn 
. Justify your choice of technique. 
engineering, plug flow reactors (that is, (hose in 

"'5 from one end 10 the olher wilh minimal mixing 
Jdinal uxis) are often used to convert reactants inlo 
been dctcrmined that the efficiency of the conver
nes be improved by recycling a portion of the prod
at it retums to the entrance for an additional puss 
tor (Fig. P8.2). The recycle ralc is defined us 
of fluid relUmed to enlJ'ance 

.ume leaving the system 

are processing Q chemical A to genernle a product B. 
:re A forms B according to an autocatalytic reaction 
l one of the products acts as a catalyst or stimulus 
). it can be shown that an optimal recycle rate 

XA/) R + l  
-- = :,'r) R[l + R( l  - X'r) J  
c fraction of reactant A that is convened 10 product 
recycle rate corresponds to the minimum-sized 

to attain the desired level of conversion. Usc a 

�senlalion of a plug Flow reactor with recycle. 

-�P:'U�g�fI�o�w�,�e�a�ct�o�'J-1-� Product 
Recycle 

numerical method to determine the ('Ccy�le ratios needed to 
minimize reactor size for a fractional conversion of XIof = 0.95. 
8.3 In a chemical engineering process, water vapor (H20) is heated 
to sufficiently high temperalllres that a significant pO!'tiOit of the 
water dissociates. or splits apart. to foml oxygen (02) Qnd hydrogen 
(H,): 

If it is assumed thllt this is the only reaction involved. the mole 
fraction x of' H20 that dissociates CUll be represented by 

., 

x /1fP' K = -- --
I - x 2 + x  

(PS.3) 

where K = the reaction equilibrium constant and PI = the total 
pressllre of the mixture. If PI = 3.5 aim and K = 0.04, determine 
the value of x lhal satistics Eq. (P8.3). 
8.4 The following equation pertain.� 10 the concentr:uion of a 
chemical in a completely mixed reactor: 

C = cin(l - e-o.04J) + coe-(U)oI1 
If the initial concentration Co = 5 and the inflow concentration 

Cin = 12, compute the time required for C to be 85 percent of Cin. 
8.5 A reversible chemical reaction 

2A + B � C  

can be charactcrized by the equilibrium relutionship 

c, K = -,-
cac,> 

where the nomenclature Ci n:prescnlS thc conccntration of con
stitucnt i. Suppose that we dcfinc a vnriable x as representing the 
number of moles of C Ihal are produced. ConservUlion of muss can 
be used to reformuhne [he equilibrium relationship us 

K = (ceO + x) 
(c".o - 2x)2(Cb.O x) 

where the subscript 0 designates the initial concentration of cach 
constituent. If K = 0.016. co.o = 42. Cb.O = 28. and Cc.O = 4. 
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detemline the vulue of x. (a) Obtain the solution graphically. (b) On 
the basis of (a), solve for the root with initial guesses of XI = 0 and 
Xu = 20 to Es = 0.5%. Choose either bisection or false position 10 
obtain your solulion. Justify your choice. 
8,6 The following chemical reactions take place in a closed system 

2A + B  � c  
A + D � C  

At equilibrium, they can be characterized by 

where the nornenclulurec/ repre$enlS the concentration of constituent 
i. If XI and X2 urc the number of moles of C Ihal arc produced due to 
the first and second reactions. respectively, use an approach similarto 
that of Prob. 8.5 to refonnulate the equilibrium relationships in terms 
of the initial concentrations of the constituents. 111en, use the 
Newlon-Raphson method to solve the pair of simultaneous nonlinear 
equations for XI and .\'2 if KI = 4 X 10-4, K2 = 3.7 x 10-2, 
Ca,Q = 50. Cb.O = 20, c(,.o = 5, and Cd.O = 10. Use a graphical 
lIppl'Oach to develop your initial guesscs. 

8.7 TIle Redlich-Kwong equation of state is given by 

RT a 
p = -- -v - b v(v + b)-./f 

where R = the universal gns constant (= 0.518 kJ/(kg K)J, T = 
absolllle temperature (K), p = absolute pressure (kPa), and v = the 
volume of a kg of gas (m3/kg). The parameters a and b are 
calculated by 

H,2TB 
II = 0.427 --'-·p, 

T, 
b = O.0866Rp,. 

where Pt' = critical  pressure (kPa) and Tc = critical temperature 
(K). As a chemical engineer, you are asked to determine the amount 
of methanc fuel (Pc = 4580 kPa and Tc = 1 9 1  K) that can be held in 
u 3-m3 tunk at a temperature of -50°C with a pressure of65,000 kPa. 
Usc a foot-locating method of your choice to clilculate v and then 
detemline the mass of methane contained in the tunk. 
S.S The volume V of liquid in a hollow horizontal cylinder of 
radius r and length L is related 10 the depth of the liquid h by 

V = [r2 co.�-1 (' �h) - (r - II»)2rll _ 112] L 

Determine " given /' = 2 m, L = 5 m, and V = 8.5 m3. Note that if 
you are using a programming language 01' software tool that is not 

rich in trigonometric functionS. the arc cosine can be eo 
with 

COS-I .\' = � - Ian-I ( ., ) 
2 v'f=X" 

8.9 The volume Vof liquid in a spherical lank of radius r is 
to the depth II of the liquid by 

V = err.::',,--' (,,3�' _--,'",' ) 
3 

t'Determine II given I' = I m and V = 0.75 m3• 
8.10 .f'OI· the sphericnl tank in Prob. 8.9, it is possible to ( 
the following twO fixed-point formulas: 

/"3 + (3V /rr) 11 = 3,· 
and 

11 = , ( ' V ) 3 rh- - ;; 

If I' = 1 III and V = 0.75 ml, determine whether either of 
stable. lind the r..II1ge of initial guesses for which they arc SL 
8.11 Thc Ergun equation, shown below, is used 10 deser 
flo\v of n fluid through a packed bed. t:::.P is the pressure dJ1 
the density of the fluid, Go is the mass velocity (mass fll 
divided by cross·sectional area), Dp is the diameter of the p 
within the bcd, 11. is the nuid viscosity, L is the length of I 
and f: is the void fraction of the bed, 

t:::. Pp D" 63 1 - e -- - -- = 150 + 1 75 G� L I - e (DpGo/J.L) · 
Given the parameter values listed below, find the void fract; 
the bed. 

D,IGO = 1 000 P. 
6. PpDp 

2 = 20 G"L 
8.12 The pressure drop in II section of pipe can be caJcuJ 

LpV2 
Ap = f2iJ 

where !!:'p = the pressure drop (Pa), f = the friction fact! 
the length of pipe [m). p = density (kg/m3), V = velocit! 
and D = diameter (m). For turbulent flow, the Colebrook (!. 
provides a means 10 calculate the friction factor, 

I ( e  2.51 ) - = -2.0Iog -- + 
n 3.7D Rcn 
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IUghllCSS (m), and Re = the ReYllold.\' /llllllbel; 

mic viscosity (N . slm2). 
'1P for a O.2-m-long horizontal stretch of smooth 
:givcnp = 1.23 kglm3,,u = 1.79 x JO-.s N . s/m2, 
.1. V = 40 mIs, ilnd 6 = 0.00 1 5  mm. Use a Ilumer
to <letermine the friction factor. Note that smooth 
� < lOS. a good initial guess can be obtained using 
'militia, f '"'" O.316/Reo.2'. 
computation but for a rougher commercial steel 
}45 mm). 
water has great significance \0 environmental und 
:=rs. It clln be related \0 processes ranging from 
I acid min. The pH is related to the hydrogen ion 

:ive equations govern the concentrations of a 
1 dioxide and water for a dosed system: 

·CO-J --'-
)21 
:Ol-J 
),J 
IH-] 
. [HCO,J + [COl-J 
-, + 2 [Coj-J + [OW1 - [I-I+J 

alkalinity. Cr = towl inorganic carbon, and the 
1m coefficients. The five unknowns nre [C02 I = 

[HeO] J - bicarbonate, [CO�-l = carbonate, 
1 ion, and rOH- J = hydroxyl ion. Solve for the 
given that Alk = 2 x 10-3, CT = 3 x 10-3 , 
= 10-1003 , tlnd Kw = 10- 14 . Also, calculate the 

:m of II. constant density plug now reactor for the 
Ibstancc via an enzymatic react'ion is described by 
w. where V is the volu111e of the reactor, F is the 
Int C, Cin and COUt are the concentrations of rcue
leaving the reactor, respectively, and K and kmu 
r a 500-L reaClOr, with an inlet concentration of 
llet flow rme of 40 Us, knw; = 5 x 10-3 S-I . and 
the concentration of C at the outlet of the reactor. 
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Civil and Environmental Engineering 
8. IS The displacement of a stnlcture is defined by the following 
equution for a damped oscillation: 

y = ge-ki cos w( 

where k = 0.7 and w = 4. 

(a) Use the graphical method to make an initial estimllte of the 
time required for the displacement to decrease to 3.5, 

(b) Use thc Newtoll-Raphson 111ctho(1 to determine the I"oot to 
,, = 0.01%. , (c) Use the secant mcthoCl to determine the root to e, = 0.01%, 

8.16 In structural engineering, the seeall1 formula defines the force 
per unit arcll, P / A, that causes a maximum stress am in a column 
of given slenderness ratio LI k :  �. 

p 
A - I + ("I k') sec[0.5JP)(EA)(LI k)] 

where eel kl = the eccentricity ratio and E = the modulus of elas
ticity. If for a steel beam, E = 200,000 MPa, eel kl = 0.4, and 
U,,' = 250 MPa, compute PIA for L/ k = 50. Recall that sec x = 
l/c(lsx. 
8.17 A catenary cable is one that i� hung between two points not in 
the same vertical line. As depicted in Fig. P8.l7a, it is subject to no 
loads other than its own weigh;, Thus, its weight (N/m) acts as a 
uniform load per unit length along the cable. A free-body diagram 
of a section A8 is depictcd in Fig. P8.17b, where Til and To are the 
tension forces at the end. Based on horizontnl and vertical force 
balances, the fallowing differential equation model of the cable can 
be derived: (dY)' 1 +  -dx 
Calculus cun be employed to solve this equation for the height y of 
the cable as n function of distance x. 

y = Ttl. cosh (�x) + )'0 _ Til 
W Ttl. W 

where the hyperbolic cosine can be computed by 

cosh x = �(eX +e-X) 
Usc a numerical method to calculate a value for the parameter Ttl. 
given vuluc.s for the parameters w = 12 and YO = 6, such thUi thc 
cable has a height of )' = 15 at x = 50. 
8.18 Figure PS.I8a shows a uniform beam subject to' a lincarly in
creasing distributed load. The equation for the resulting ela.�tic 
curve is (see Fig. P8. 18b) 

y = Wo (_x' + 21.2r3 _ L4x) 
120EIL 

. 0'8. 18) 
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Figure P8. 1 7  
(0) Forces acting on a section 

� AB of a flexible hanging coble. 
The load is uniform olong the 
cable (but not un iform per the 
horizontal d istance xl, (bl A free
body diagram of section AB. 

y 

(a) 

Use bisection 10 determine the point of maximum deneclion (that 
is, the value of x where dy /dx = 0), Then substitute this value into 
Eg. (PS.IS) to determine the value of the mflxirnum deflection. Use 
the following puramcter values in your computation: l. = 600 em, 
E = 50,000 kN/cm2 , I = 30,000 cm4, and Wo = 2.5 kN!cm. 
8.19 In environmental engineering (n specialty area in civil 
engineering). the following equation can be used to compute Ihe oxy
gen level c (mg/L) in a river downstream from a sewage di scharge: 

c = 10 - 20(e-O.15.,· _ e-O'SX) 
where )." is the distance downstream in kilometers. 

Figure P8.l a  

1-1. -- L --- I 
(aJ 

(x ::: t,y == O) (.t = O. y = O) 

(b) 

w ::  wS 

x 
(b) 

(a) Detennine the distance downstream where the oxyge 
first falls to a reading of 5 mglL. (Hint: It is wi thin 2 kn 
discharge.) Detennine your answer (0 a ,% error. Note t 
el s of oxygen below 5 mgIL are generally harmful to g, 
stich as trout and salmon. 

(b).,Detemline the distance downf)!rearn at which the oxyge 
minimum. What is the concentration at that location? 

8.20 The concentration of pollutant bacteria c in a lake de 
according to 

c = 75e-u1 + 20e-O.07�1 

Determine the time required for the bacteria concentratio 
reduced to 1 5  using (a) the graphical method and -(b) us 
Newlon-Raphson method with an initial guess of I = 6 
Slopping criterion of 0.5%. Check your result. 
8.21 In ocean engineering, the equation for a reflected s 
wave in a harbor is gi ven by ;" = 16, f = 12, v = 48: 

[ ( 2"") ( 2",") 1 II = Ito sin T cos -J.- + e-x 

Solve for the lowest positive value of x if II = 0.5110, 
8.22 You buy a $25,000 piece of equipment for nothing do 
$5,500 per year for 6 years. What interest rate are you payir 
formu l!l relating prescnt .worth p. tlnnual payments A, nur 
ycars II, and interest rale i is 

i (l + i)" 
A = P �...c.,c'---cc 

(1 + i)II - 1 

8.23 Many fields of engineering require accurate por 
estimates. Par example, transportation engineers might 
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20 kips/ft 

150 k� 15 kips 
• 

- i 1 ";,;,, 
�--5'-----:-- 2'-+-" -:--2'� 

mine separately the population growth trends of a 
1 suburh. The population of the urban urca is 
le according 10 

-k�1 + p ,e It,min 

n population is growing. liS in 

p.,rna.�/PO - lJe k,1 

PJ•lIllU, po. and ks = empirically derived parame· 
le timt= and corresponding values of PI/(t) and 
burbs are 20% larger thun the city. The parameter 

'" = 75,000. k" = 0.045/yr, P" ,min = 100,000 
300.000 people, Po = 10,000 people, k., = 

n your solutions, use (a) gmphical, (b) false
lodified secant methods. 
pporled beam is loaded as shown ill Fig. P8.24. 

functions, the shear along the beam can be 
·quation: 

- 0)' - Ix - 5) ' 1 - 1 5 1x _ 8)0 - 57 

singularity [unction can be expressed as follows: 

r - lI)" 
o 

when x > o l 
when x :s (/ 

lethod to find the poinl(s) where the shear equals 

imply supported beam from Prob. 8.24. the 
beam. M(x), is given by: 

x - 0)2 - {x - 5)2J + 15  (x _ 8) 1 

(x - 7)° + 57x 

nelhod to find the poinl(s) where the moment 

., 
8.26 Using the simply supported beam from Prob. 8.24. the slope 
along the beam is given by: 

dll - 1 0  3 3 15  2 
-' (x) = -[ Ix - 0) - Ix - 5) J +  - Ix - 8) (Ix 3 2 • 57 

+ I:lD(x - 7) 1 + "2x2 - 238.25 

Use n numerical method to find the point(s) where the slope equals "' 
zero. 
8.27 Using the simply supported beam from Prob. 8.24, the 

displacement along the beam is given by: 

-5 . .4 4 15 3 
"y(x) = 61 Ix - 0) - Ix - 5) l + "6  (x - 8) 

57 
+ 75 (x - 7)2 + "6x3 - 238.25x 

(11) Find the point(s) where the displacement equals zero. 

(b) How would you use a root location technique to detennine 
the location of the minimum displacement? 

Electrical Engineering 
IUS Perform the same computation as in Sec. 8.3, but determine 
the vf\lue of C required for the circuit to dissipate to I % of its orig
inal value in t = 0.05 s, given R = 2800, and L = 7.5 H. Use 

(a) II graphical approach, (b) bisection, lind (e) roOt location soft
wure such as the Excel Solver or the MATLAB function fzero. 
8.29 An oscillating current in an electric circuit is described by 
i = ge-' cos(2;rrt), where t is in seconds. Determine all values of t 
such thl!t i = 3. 
8.30 The resistivity p of doped silicon is based on the charge q on 

an electron, the electron density II. and the electron mobility /1-. The 

electron density is given in terms of the doping density N and 
the intrinsic carrier density 11/. The electron mobility is described 
by the temperature T,  Ihe reference temperature To. and Ihe 

-
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,+---x ---o 
q 

Figure P8.31 

� 
reference mobility J..I.Q- The equations reqllired to compute the 
resistivity nre 

, 
p - -{filM 

where 

and 
( T )-2." 

j..I. = /10 70 
Detemline N. given To = 300 K. T = 1000 K, J1.o = 1350 em1 
(V S)-I , q = 1 .7 x 1 0-19 C, II/ = 6.21 X 109 cm-3, and a desired 
p = 6.5 x ,06 V s em/Co Use (a) bisection and (b) the modified 
secant method. 
8.31 A total charge Q is uniformly distributed around a ring
shaped conductor with radiu� a. A churge q is located al a distance 

x from the cenl'er oflhe ring (Fig. P8.3J). The force exened on the 
charge by the ring is given by 

F = -'- q Q.,. 

4JTt'o (x2 + (2)3f2: 
where eo = 8.85 x 10-12 C2/(N ml), Find the distance x where the 
force is 1 .25 N i f  (I and Q are 2 x 1O-.� C for a ring with a radiu� of 
0.9m. 
8.32 Figure P8.32 shows a circuit with a resistor, an inductor. und 
a eapncitor in pllrnllel. Kirchhoff's rules can be used to express the 
impedance of the system as 

_ =  _I + (wc - _I )' Z f?2 wL 

Figure P8.32 

R c 

where Z = impedance (n) and w = the angulurfreqllenc� 
w that resuhs in an impedance of 75 Q using both bise 
false position wilh initial guesses of I and 1000 for the 
paramctcrs: R = 225 n. C = 0.6 x 10-6 F. and L = O.S 
mine how many iterations of cach technique are neccssru: 
mine the answer to ts = 0.1 %. Use the graphical up 
explain any difficulties that arise. 

Mcchanlclll and A�I'oSI)ltee Engineering 
8.33 For fluid flow in pipes, friction is describcd by II d 
less number. the Fall/lint; /ric/ioll faclor f The Funnin 
fuctor is dependent on a number of parameters related to I 
the pipe and the nuid. which can all be represented b 
dimensionless quantity, the ReYllo/d.l- I1l1mber Re. A for 
prcdklsjgiven Re is the von Karman equ(l/ioll, 

, ./7 = 4 10s,,(Rcfl) - 0.4 

Typical vullles for the Reynolds number for turbulent 
10,000 to Soo,OOO and for the Fanning friction factor ari 

0.0 1 .  Devel0p :1 fUllction thai uses biseclion 10 solve fOi 
user-supplied value of Rc between 2.500 and 1.000,000. I 
function so Ihm it ensures that the absolute en-or in th! 
EllA < 0.000005. 
8.34 Real mechanical systems may involve the denecti( 
linear splings. In Fig. P8,34, a mass II! is released a ( 
ubove a non linear spring. The resistance force F of the 
given by 

F = - (kl(1 + k2l/3/2) 

Conservation of energy can be used to show that 

2k2d'/2 I 
0 =  + _k1d2 - "'Sd - mgh 

5 2 

Solve ford, given the following parumcter values: kl = S( 
k2 = 40g/(s2 mQ·5) , m  = 90 g, 8  = 9.R I mls2, ftnd h = 0  
8.35 Mechanical engineers, as well as most other engi 
Ihennodymunics extensively in their work. The 

Figure P8.34 

�---------------. • . t 
--I..-_---;;L--y-�'r 

(a) (b) 
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x 

c used to relate the zero-pressure specific heat of 
K). to temperature (K): 

+ 1.671 x 1O-4r + 9.7215 x 1O-'T2 

x to- l i T) + 1.9520 x 1O- 14r4 

llpcraturc thnt corresponds to :1 specific heat of 

:ngineers sometimes compute the trajectories of 
ckel�. A reli.l\cd problem deals with the trajectory 

The lrujcctory of II hal l is defined by the (x, y) 
lispJayed in Fig. P8.36. The trajectory can be 

9 Xl + )'0 
2U6 cos2 90 

'riale initial angle 90, if the initial velocity 
he distance to Ihe catcher x is 35 m. Note that lile 
'ower's hU11(1 nt all elevation of )'0 = 2 III lind the 
: at 1 m. Express the tina1 result in degrees. Use a 
's2 for R and employ the graphical method to 
al guesses. 
. vtlocilY of a rocket can be computed by the 
t: 

- - gT qt 
rei velocilY. /I = the velocity at which fuel is 
'0 the rocket. 1110 = the initial mass of the rocket 
= thc fuel consumption rale, und g = the down

of gravity (assumed conStant = 9.81 m/s2) .  If 
= 1 50,000 kg, nnd q = 2700 kgls, compute the 

, 750 m/s. (Hint t i� somewhere between 10  and 
'our result so that it is within I % of the true value. 
:r. 
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8.38 In Sec. 8.4, the phase angle ¢J between the forced vibration 
caused by the rough road and Ihe mOlion of the car is given by 

tun ¢ = 
2(cjcd(6Jjp) 

J (w/p)' 

All a mechanical engincer, you would like to know if there urc cases 
where I/> = w/3 - I .  Usc the other pnrameters from Ihe section to 
set up the equmion as a rOOts problem and solve for w. 
8.39 Two nuids lit different temperatures enter a mixer and come 
out at the �ame IcmperntJjre. The heat capacity of nuid A is 
given by: 

Cp = 3.381 + 1 .804 x I O-2T - 4.300 x 1O-6T2 . 
• 

and the heat capacity of fluid B is given by: 

Cp = 8592 + 1 .290 x I O- I T - 4.078 x IO-� T2 

where c,. is ill units of callmol K. and T is in units of K. Note that 

A enters the mixer at 400°C. B enters the mixer 3t 700cC, nlcre is 
twice as much A as there is B entering into the mixer. At what tem
pertlture do tllC two fluids exit the mixer? 
8.40 A compressor is operating at compression ratio Rc of 3.0 
(the pressure of gus lit the outlet iI; three times greater than the 
pressure of the gas at the inlet). The power requiremcnt� of the 
compressor HI} enn be determined from the equation bclow. 
Assuming that the power requiremellfs of the compressor are 
exactly equal to zRTI /MW. find the polytropic efficiency /I of the 
compressor. The par.lmeter Z is compressibility of the gas under 
operating conditions of the compressor, R is the gas constatll, Tl is 

the temperature of the gas lit the compres�or inlet, and MW is the 
molecular weight of the Bas. 

HP _ zR1\ _1>_ ( R(tI- l )/" _ I ) -
MW /I _ I t 

8.41 In the thennos shown in Fig. P8.4 J, the innermost compart
melll is separated from the middle container by a vacuum. There is 
a final shell around the thermos. This final �hell is separated from 
the middle layer by a thin layer of air. The outside of the final shell 
comes in contact with room 3ir. Heat transfer from th� inner com
partment to the next layer (jl is by radiation only (since the space is 
evacuated). Heat trunsfer between the middle layer and outside 
shell (/2 is by convection in a small space. Heat transfer from the 
outside shell to the air q) is by natural convection. The heat nux 
from each region of the thermos must be equlIl-thm is. 
ql = q2 = lJ)· Find the temperatures Tl and T2 at steady state. To is 
450CC and T3 = 25°C. 
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Figure P8.41 

ql = 1O-9((7() + 273)4 - CTt + 273)4] 

q2 = 4(TI - T2) 
q3 = 1 .3(T2 - 13)4/3 

73 
T, 

8.42 The general fonn for a three-dimensional stress field is given by 

where the diagonnl terms represent tensile or compressive filresses 
and the orf-diagonal terms represent. shear stresses. A stress field 
(in MPa) i� given by [ 10 1 4  25 ] 

14 7 15 

25 15 16  

To solve for the principnl stresses, i t  i s  necessary 10 construct the 
following matrix (again in MPa): [ I O

I
� a 

7
�4

a 
�� ] 

25 15 16 - a  

IT), (12, and 0"3 can be solved from the equation 
(13 - Jq2 + ll(J - II! = 0 

where 

I = (l.u + u..-y + ar.� 
II = CI.uCl)'Y + C!x.rCIu + (J )'Y(J�<. - a';), - a}: - (I;. 
III = a,fxClyyC1u - (f.rxC1;t - (1n,a}� - a:za';y + 2a,t.yCT.tz(J>,1. 

I, II, and III arc kllQWll llS the stress invariants. Find 0-[. (12, and (13 
lIsing a root-finding technique. 

h, 
A 

3 

Figure PS.43 
• 

8.43 Figure P8.43 shows three reservoirs connected by ( 
pipes. The pipes, which are made of asphalt-dipped ea 
(s = 0.0012 m). have lh� following characteristics: 

Pipe 
length, m 
Diometer, m 
Flow, m3/s " 

I 
1800 
0.4 

? 

2 

500 

0.25 

0 . 1  

If (he water surface clevations in Rcservoirs A and C are 2 
172.5 m, respectively, dctennine the elevalion in Re�rvoir 

the flows in pipes 1 and 3. Note thllt the kinematic visec 
water is 1 x 10-6 m2/s and llse the Colebrook equation te 
mine the friction factor (recall Prob. 8.12). 
8.44 A fluid is pumped iJ1to the network of pipes sh{ 
Fig. P8.44. At steady state. the following flow balanc

.
e,'l mw 

Q, = Q, + Q, 
Q, = Q. + Q, 
Q, = Qo + Q7 

where Q/ = flow in pipe i[m3/s]. In addition, the prcssul1 
around tl1c three right-hand loops must equal zero. The p 

Figure PS.44 

Q, Q, Q, 

• Q, Q • Q. 

Q" Q. Q. 



PROBLEMS 

-
1 
1 

!':,,+--'-External tank 

T, 

, 

\-H--;- Solid rocket 
'I 

11'8 
1 , 
1 
1 , 

, 
1 
1 1 . 1 1 ' 
1 1 

booster 

Orbiter 

. 1 t " r' . . . . . . . . . .  T l 38' 

1 . . . . .. . . . . .  .1 
T, 

.lIar pipe length can be computed with 

'!. Q' ,5 

Ie pre..<;�llre drop [Pal, f = the friction factor 
L = the pipe length (m], p = the nuid density 

= pipe diameter [m). Wrile a program (or develop 
:l mathematics software package) thnl will allow 

2 1 1 

you to compule the flow in every pipe lellglh given that 
QJ = 1 m3/s and p =  1 .23 kglm3 . All lhe pipes have D = 500mm 
and f = 0.005. The pipe lengths are: L) = Lj = Ls = L9 = 2 m; 
Lz. = L4 = L6 = 4 m; nnd L1 = 8 m. 
8.45 Repeat Prob. 8.44, but incorporate the fact that lhe friction 
factor can be computed with the \'on Karmali equation, 

1 -IT = 41ogoo(RejJ) - 0.4 

where Re = the Reynolds numbel' 

pVD 
Re = -� 

� 

where V = the velocity of Ihe fluid in the .pipe [m/s) and /-t = 
dynamic viscosity (N . MIll'2).  Note thnt for a circular pipe 
V = 4Qjrr D2. Also, assume that the fluid has n viscosi ty of 
1.79 x 1O-� N · &1m2 . 
8.46 The space shuule, at lift-o ff from the l:lunch p:ld, hus four 
forces acting on it, which arc shown 011 the free-body diagram 
(Fig. PS,46). The combined weight of the two solid rocket boosters 
and external fuel tank is W .... = 1 .663 X 106 lb. The weight of Ihe 
orbiter with a full paylond is Ws = 0.23 x 106 lb . The combined 
thmst of the two solid rocket boosters is To = 5.30 x loG lb. The 
combined thrust of the three liquid fuel orbiter engines is 
Ts = 1 . 125 x 1Q6 1b. 

AI liftoff, the orbiter engine thrust is directed at angle () to 
make the resultant moment acting on the entire craft assembly 
(external tank, solid rocket boosters. and orbiter) equal to zero. 
With the resultant moment equal to zero, Ihe craft will not rotate 
about il.'; mass center G al liftoff. With these forces. the craft will 
have a resu ltant force wi th compunents in both the vertical and 
horizontal direction. The vertic:l1 resultant force component i.� what 
allows the craft to lift 00' from the launch pad and fly vertically. 
The horizontal resultant force component causes the craft to tly 
horiwntaJly. The resullant moment acting on the craft will be zero 
when () is adjusted to the proper value. If this angle is not adjusted 
properly, and there is some re�ultant moment acting on the craft, 
tht! craft will tend to rotate about it mass center. 
(a) Resolve lhe orbiter thrust Ts into horizonlal lind vertical compo

nems, and then sum moments about point G, the Cntft mass 

center. Set the resulting moment equal ion equal 10 zero. This 
equation can now be solved for the vClluc of 0 required for liftoff. 

(b) Derive an equation for the resultant moment acting on the craft 
in (emts of the angleO. Plot the re.�uIUlnt momenfas a function 
of the angle 8 ovcr n range of -5 radians to +5 I1lruans . 

(e) Write a computer progl1lm to solve for the angle (} using 
Newton's method 10 find the root of the resultant moment 
cquation. Make nn initial first guess at the root of interest using 
the plot. Tenninate your itcrutions when the value of 8 has 
better than five significant figures. 

(d) Repeat the program ror the minimum payload weight or the 
orbiter of Ws = 195,000 lb. 



One-Di mensional U nconstrained 
Optim ization 

• 

This section will describe techniques to find the minimulll or maximum of a function of a 
single variablc.J(x}. A lIseful image in this regard is the one-dimensional, "roller coaster"
like function depicted in Fig. 1 3 . 1 .  Recall from Pari Two that root location was compti
c<lted by the fact that several roots can occur for a single function. Similarly. both local and 
global optima can occur in optimization. Such crises afC called lIIultimodal. In almost all in
stances, we will be interested in finding the absolute highest or lowesl value of a function. 
Thus, we must take care that we do not mistake a local result for the global optimum. 

Distinguishing a global from a local extremum can be a very difflcult problem for the 
general case. There are three lIsual ways to approach this problem. First, insight into the 
behavior of low-dimensional functions can sometimes be obtained graphically. Second, 
finding optimu based on widely varying and perhaps randomly generated starting guesses, 
and then selecting the largest or these as global. Finally, pertllt'bing the starting point usso
cialcd with a local optilllum and seeing ir the routine returns a better point or always 
retu rns to the same point. Although all these approaches can have util ity, the fact is that in 
some problems (usually the large ones), there Illay be no practical way to ensure that you 
have located a global optimum. However, although you should always be sensitive to the 

FIGURE 1 3. 1 
A function that asymptotically approaches zero at plus and minus 00 and has two maximum and 
two minimum points in the vicinity of the origin. The two points to the right are local optima, 
whereas the IwO to the left ore global. 

[(x) 

Global 
minimum� 

Local 
maximum 

Local 
minimum 
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issue, it is fortunate that there arc numerous engineering problems where you can I� 
global optimum in an unambiguous fashion. 

Jwa as in root location, optimization in one dimension can be divided into brackcl 
and open methods. As described in the next section, the golden-section search is an ex: 
ple of a bracketing method that depends on initial guesses that bruckcl a single aplim 
This is followed by a somewhat morc sophisticated bracketing approach----quadratic -
palation. 

The final method described in this chapter is an open method based on the idea 
calculus that the minimum or maximum can be found by solving f'(x) = O. This recti 
the optimization problem to fin8ing the rool of f'(x) using techniques of the sort descn 
in Part 1\ .... 0. We will demonstrate one' version of this approach-Ncwton's mcthod. 

1 3. 1  GOLDEN-SECTION SEARCH _. 

[n solving for the 1'001 of a single nonlinear equation, the goal wus to find the vulue 
variabJe x that yiclds a zero of the flloction!(x). Single-variable optimizotion has the 
of finding the value of x tbat yields an extremum, either a maximum or minimum of 

The golden-scction search is a simple, general-purpose, single-variable search 
nique. Tt is similar in spiril to the bisection approach for locating roots in Chap. 5. Rt 
that bisection hinged on defining an interval, specified by a lower guess (x/) and an ul 
guess (XII)' that bracketed a single root. The presence of a root between these bounds 
verified by determining that!(x,) arid!(xll) had different signs. The root was then esti 
as the midpoint of [his jnterval, 

The final step in a bisection iteration involved determining a new smaller bracket. This 
done by replacing whichever of the bounds X, or X" had a function value with t.he .same 
as f(xr). One advantage of this approach was that the new value Xr replaced onc of the 
bounds. 

Now we can develop a similar approach for locating the optimum of a one-dimensi 
function. For simplicity, we will focus on lhe problem of finding a maximum. When we 
cuss the computer algorithm, we will describe the minor modifications needed to simul: 
minimum. 

As with bisection, we can Slart by defining an interval that contains n single ans 
That is, the interval should contain a single maximum, and hence is called Llllimodal. 
can adopt thc same nomenclature as for bisection, where X/ and XI/ defined the lower 
uPI>cr bounds, respectively, of such an interval. However, in contrast to bisection, we I 
a new strategy for finding a maximum within the interval. Rather than using only two f 
tion values (which are sufficient to detect a sign change!, and hence a zero), we would I 
three function values 10 detect whether a maximum occurred. TIms, an additional ( 
within the interval has to be chosen. Next, we have 10 pick a fourth point. Then the te� 
the maximum could be applied to discern whether the maximum occurred within lhe 
three or the last three points. 

The key to making this approach efficient is the wise choice of the imennediate po 
As in bisection, the goal i s  to minimize function evaluations by replacing old values 
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FIGURE \ 3.2 

f(x) 

Maximum 

"'------=. 
XI x� x Fi rst �=�����2� iteration e, 

- el • e2 -
Second I I I i\. iteration _ C2-

The initiol step of the golden-section search algorithm involves choosing t-No interior points 
accord ing 10 the golden ratio. 
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new values. This goal can be achieved by specifying that the following two conditions hold 
(F;g. 1 3.2): 

Co = i] + '£2 
e t  £2 
eo = � 

" (13.1) 

(13.2) 

The first condition specifies that the sum of the two sublengths £1 and £2 must equal the 
original interval length. The second says that the ratio of the lengths must be equal. Equa
tion (13. I )  can be substituted into Eq. ( 1  3.2), 

it + £2 il  

If  the reciprocal is taken and R = £2 / e I ,  we arrive at 

or 

I 
j + R  = R 

R' + R - I = 0 

which can be solved for the positive root 

-I + .)1 - 4(-1) .J5 - I  
R = 

2 
= 2 = 0.61803 . . .  

(13.3) 

(13.4) 

(13.5) 

(13.6) 

This value, which has been known since antiquity, is called the golden ratio (see 
Box 13.1).  Because it allows optima to be found efficiently, it is the key element of the 
golden-section method we have been developing conceptually. Now let us derive an 
algorithm to implement this approach on the computer. 
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Box 1 3. 1 The Golden Ratio and Fibonacci Numbers 

In many cultures. certain numbers are ur.cribcd qualities. For exam
pIc, we in the WeSt arc <til fami liar with "Lucky 7" and "Fridny the 
13th," Ancient Greeks called the following number the "golden 
ratio:" 

.JS - 1 
2 

; 0.6 1 803 . . .  

'" Tills ratio was employed for a number of purposes, including the de\ ' vc)oprnent of the reclnllglc in Fig. 13.3. These proportions were con
sidered aesthetically plellsing by the Greeks. Among other things, 
many of their temples followed this shape. 

The golden mtio is related to nn important mathematical series 
known as the Fibonacci !lumbers, which are 

0, I ,  1 , 2. 3, 5. 8, 13. 2 1 . 34 . . . .  

Thus. each number after the first two reprcsenls the slim of the 
preceding two. This sequence pops up in many diverse areas of �ci+ 
enee and engineering. In the context of the present discussion, an 
interesting property of the Fibonacci sequence relmes to the ratio of 
conseculive numbers in the sequence; that is, 0/1 = 0, 1/1 = I ,  
1(2 ; 0.5, 2(3 ; 0.667, 3(5 - 0.6, 5(8 ; 0.625, 8(13 ; 0.615. 
and so 011. As one proceeds, lhe ratio of consecutive numbers ap
proaches the golden ratio! 

FtGURE 13.3 
The Parthenon in Athens, Greece. was com.tructed in the 
5th century S.c. lis front dimensions con be fit almost exod 
wilhrn a golden rectangle. 

As mentioned above and tiS depicted in Fig. 13.4. the method start� with two 
guesses, x/ and Xu. that bracket one local extremum of I(x). Next. twO interior points , 

X2 are chosen according to the golden ratio. 

v's - 1  d = 2 
(xu - XI) 

Xi = x/ + d  

X2 = x,, - d  

The function is evaluated at these two interior points. Two results can occur: 

1 .  If, as is the ca�e in Fig. 1 3.4,f(xl) > !(X2). [hen the domain or  x to the lert of X2. j 
to X2. can be eliminated because it does not contain the maximum. For Ihis c 
becomes the new x, for the next round. 

2. If !(X2) > j(x,), then thc domain of x to the right or x" from XI to Xu would hi.\\" 
eliminated. In this case, x.  becomes the new XII for the next rouno. 
Now, here is the real bene fir from the llse of the golden ratio. Bec<tu!\e the ori� 

and X2 were chosen using the golden ratio, we do not have to recalculate all the f. 
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[0) The initiol step of the golden-section search algorithm involves chOOSing two interior points ac
cording 10 the golden ratio, {bl The second slep involves defining a new intervol thol includes the 
optimum. 

values for the next iteration. For example, for the case illustrated in Fig. 1 3.4, the old XI 
becomes the new xz. This means that we already have the value for the Jlew!(x2). since it 
is the same as the function value at the old X I _  

To complete the algorithm, we now only need to delermine the flew XI. This is done 
with the same proportionality as before, 

A similar approach would be used for the alternate case where the optimum fell in the left 
subintervaL 

As the iterations are repeated. the interval containing the extremum is  reduced rapidly. 
In fact, each round the interval is  reduced by a factor of the golden ratio (about 61 .8%). 
That means that after 1 0  rounds. the interval is shrunk to abollt 0.61810 or 0.008 or 0.8% of 
its initial length. After 20 rounds, it is about 0.0066%. This is not quite as good as lhe 
reduction achieved with biscction, but this is a harder problem. 
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L... __ EXAMPLE 1 3 . 1  Golden·Section Search 

Problem Statement. Use the golden-section search to find the maximum of 

x' 
f(x) = 2 sin x - -

10 

within the interval XI = 0 and Xli = 4. 

Solulion. First, the golden ratio is used to create the two interior points 

� - I I d = 
2 

(4 - 0) = 2.472
. 

X, = 0 + 2.472 = 2.472 

X, = 4 - 2.472 = 1 .528 
.. 

The function can be evaluated at the interior points 

/(X,) = /(1.528) = 2 sin(l.528) -
1.528' 6 

1 0  
= 1 .7 5 

/(XI) = /(2.472) = 0.63 

Because !(X2) > !(XI), the maximum is in the interval defined by XI, X2, and -' 
for the new interval, the lower bound remains x/ = 0, and XI becomes the upper bOl 
is. XI/ = 2.472. in addition, the former X2 value becomes the new XI. that is. XI ' 
Further, we do not have to recalculate l(xl) because it was determined on the 
iteration .s/(1.528) = 1 .765. 

AU that remains is to compute the new v<llues of d and X2. 

� - I  d = 
2 

(2.472 - 0) = 1.528 

x, = 2.4721 - 1 .528 = 0.944 

The fUllction evaluation atx2 is/(O.994) = 1 .53 1 . Since this value is less than 
tion value at XI,  the maximum is in the interval prescribed by Xz, XI, and XI/' 

The process can be repeated, with the results tabulated below: 

XI '(XI) x, l(x21 x, I(x, ) x. I(xul 
t 0 0 1 .5279 1 .7647 2.4721 0.6300 4 0000 -3. 1 1 36 

2 0 0 0.9443 1 .5 3 1 0  1 .5279 1 .7647 2.472 1 0.6300 

3 0.9443 1 .5 3 1 0  1 . 5279 1 .7647 1 .BBB5 . 1 .5432 2.4721 0.6300 

4 0.9443 1 .5 3 1 0  1 .3050 t .7595 1 .5279 1 .7647 1 .B885 1 .5432 

5 1 .3050 1 .7595 1 .5279 1 .7647 1 .6656 l .7 t 36 1 .B885 1 .5432 

6 1 . 3050 1 .7595 1 .4427 1 .7755 1 . 5279 1 .7647 1 .6656 l .7t36 

7 1 .3050 1 .7595 1 . 3901 1 .7742 1 .4427 1 .7755 15279 1 .7647 
8 1 .3901 1 .7742 1 .4427 1 .7755 1 .4752 1 .7732 1 5 279 1 .7647 
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Note that the current maximum is highlighted for every iteration. After the eighth iter
ation, the maximum occurs at x = 1 .4427 with a function value of 1 .7755. Thus, the result 
is converging on the u'ue value of 1 .7757 at x = 1 .4276. 

Recall that for bisection (Sec. 5.2.1). an exact upper bound for the error can be calcu
lated at each iteration. Using similar reasoning, an upper bound for golden-section search 
can be derived as follows: Once an iteration is complete, the optimum will either fall in one 
of two intervals. 1fx2 is the optimum function value. � will be in the lower interval (Xlo X2. x,), 
If XI is the optimum function value, it will be in the upper interval (X2. XI, xu). Because the in� 
Icrior points are symmetrical. either case can be used to define the error. 

Looking at the upper interval, if the true value were at the f� l�!t, th� maximum dis
rance from the estimate would be 

t:.Xa = Xj - X2 
= XI + R(xII - XI) - X" + R(xu - XI) 
= (XI - xu) + 2R (xu - XI) 

� (2R - I)(x, - x,) 

or O.236(xu - x,), 
If the true value were at lhe far right, the maximum distance from the estimate would be 

t:.X" = XII - XI 

= XII - X, - R(x" - XI) 
� (1 - R)(x" - x,) 

or O.382(xlI - x,), Therefore, this case would represent the maximum error. This result can 
then be normalized to the oplimal value for that iteration, .taPI- to yield 

e, � (I - R) IX".- x' l l 00% 
xo� 

This estimate provides a basis for terminuting the iterations. 
Pseudocode for the golden-section-search algorithm for maximization is presented in 

Fig. 13.5a. The minor modifications to convel1 the algorithm to minimization are listed in 
Fig. 13.5b. In both versions the X value for the 0Plimum is returned as the fUllction value 
(gold). In addition, the value of I(x) at the optimum is returned as the variable (Jx). 

You may be wondering why we have stressed the reduced function evaluations of the 
golden-section search. Of course, for solving a single optimization, the speed savings 
would be negligible. However, there are two imp0l1ant contexts where rninimizing the 
number of function evaluations can be impo11ant. These are 

1. Many evaluations. There are Cl.1Ses where the golden-section-search algorithm may be 
a part of a much larger calculation. In such cases, it may be called many times. 
Therefore, keeping function evaluations to a minimum could pay great dividends for 
such cases. 
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FIGURE 1 3.5 
Algorithm for the golden·section 
search. 

ONE-DIMENSIONAL UNCONSTRAINED OPTIMIZATION 

FUNCTION Gold (X101'/, xhigh. maxit,  es, (x) 
R = (50.5 - 1)/2 
xe = xlo,.;; xu = xhigh 
iter = 1 
d "" R * (xu - xl) 
xl = xi + d: x2 = xu - d 
f1 � f(x1 ) 

f2 � f(x2) 
(F f1 > f2 TH[N 

xopt - xl 
fx = f1 

ELSE 

xopt = x2 

fx = f2 
END IF 

00 
d - R*d 
IF fl > fl THEN 

xe = x2 
x2 = xl 
xl = xt+d 
f2 c f1 
f1 - f(xl! 

ElS[ 

xu ... xl 

xl = x2 
x2 0; xu-d 
f1 c f2 

f2 = f(x2) 
[NO IF 

iter = iter+l 

IF f1 > f2 TH[N 
xopt = xl 
fx = f1 

nS[ 
xopt = x2 
fx ... f2 

[NO IF 

IF xopt =F O. THEN 

-, 

ea = (l.-R) *ABS( (xu - xR.J/xoptJ * 100. 
END IF 

IF ea s es OR iter <:!: maxit EXl T 

[NO 00 
Gold = xopt 
END (TOld 

(a) Maximization 

IF fl < f2 THEN 

IF f1 < f2 THEN 

IF f1 < f2 THEN 

(b) Minimizati 

, 
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FIGURE 1 3.6 
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Graphical description of quadratic interpolation. 
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2. Time-collsuming evaluation. For pedagogical reasons, we use simple fUllctions in 
most of our examples. You should understand that a function can be very complex and 
lime-consuming to evaluate. For example, in a later part of this book, we will 
describe how optimization can be used to estimate the parameters of a model consist
ing of a system of differential equations. For such cases, the "function" involves time
consuming model integration . Any method that minimizes such evaluations would be 
advantageous. 

1 3.2 QUADRATIC INTERPOLATION 

Quadratic interpolation takes advantage of the fact that a second-order polynomial often 
provides a good approximation to the shape ofl(x) near an optimum (Fig . 13.6). 

Just as there is only one straight line connecting two points, there is only one quadratic 
or parabola connecting three points, Thus, if we have Ilu'ee points that jointly bracket an 
optimum, we can fit a parabola to the points. Then we can differentiate it, set the result 
equal to zero, and sol ve for an estimate of the optimal x. It can be shown through some al
gebraic manipulations that the result is 

J(xo)(xl - xi) + J(x,) (x1 - x�) + J(X2) (X� - xl) x) = 
2/(.<0)(x, - x,) + 2/(X,)(X2 - xo) + 2J(x,)(xo - x,) 

( 1 3.7) 

where XIJ, XI,  and X2 are the initial guesses, and XJ is the value of x that corresponds to the 
maximum value of the quadratic fit to the guesses. 
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1:==:: n;�iflilE;:r3U).2 Quadralic Inlerpolalion 

Problem Statement. Use quadratic interpolation to approximate the maximum of 

d ·2 
f(x) = hin -' - 'iO 

with injtia! guesses of Xo = D, Xl = I ,  and Xl = 4. 

Solution. The function values at the three guesses can be evaluated, 
! 

Xo = 0 
Xl = 1 

X2 = 4 

f(xo) = 0 
/(x,) = 1.5829 

f(x,) = -3. 1 1 36 

and substituted into Eq. ( 13.7) [0 give. 

-. 

0(1 ' - 4') + 1.5829(4' - 0') + (-3. 1 1 36)(0' _ I') 
X3 = = 1 .5055 

2(0) ( 1  - 4) + 2(1 .5829)(4 - 0) + 2(-3. 1 1 36)(0 - I)  

which has a runction value off(1.5055) = 1 .7691 .  
Next, a strategy similar to the golden�sect'ion !iearch can be employed to dele 

which point should be discarded. Because the function value for the new point is ht 
than for the intermediate point (Xl) and the new x value is to the right of the intermai 
point, the lower guess (xo) is discarded. Therefore, for the next iteration. 

.to = I 
x, = 1 .5055 

Xl = 4 

f(xo) = 1 .5829 

/(-" ) = 1.7691 

f(x,) = -3. 1 1 36 

which can be substituted into Eq. (13.7) to give 

1 .5829( 1.5055' - 4') +  1.7691 (4' - I') + (-3. 1 1 36)(1' - 1 .5055') 
X3 = 

2(1 .5829)( 1 .5055 - 4) + 2( 1.769 1 )(4 - 1) + 2( -3.1 136)(1 - 1 .5055) 

= 1 .4903 

which has a function value off(1 .4903) = 1 .7714. 
The process can be repeated, with the results tabulated below: 

xo l{x.1 x, Ilx,1  x, Ilx,) x, 
1 0.0000 0.0000 1 .0000 1.5829 4.0000 -3.1136 1.5055 

2 1 . 0000 1 .5829 1.5055 1.7691 4.0000 -3.1 1 36 1 4903 

3 1 .0000 1.5829 1.4903 1.77104 1 5055 1.7691 1 .4256 

4 1 .0000 1 . 5829 1 .4256 1.7757 1 .4903 1.7714 1.4266 

5 1.4256 1 .7757 1.4266 1.7757 1 .4903 1 .7714 1 .4275 

10 
1 , 

1.7 J} 
1.i 

\) 
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Thus, within five iterations, the result is converging rapidly on the true value of 1.7757 at 
x = 1.4276. 

We should mention that just like the false-position method, quadratic interpolation 
can gel hung up with just one end of the interval converging. Thus, convergence can be 
slow. For example. notice that in our example, 1 .0000 was an endpoint for most of the 
iterations. 

This method. as well as others using third-ordc!,\polynomials, can be formulated into 
algorithms that contain convergence tests, careful seiectio!l strategies for the points to re
tain on each iteration, and attempts to minimize round-off error accumulat�on. In particu
lar, see Brent's method in Press et al. (1992). • 

1 3.3 NEWTON'S METHOD 

'XAMPlE , 1 3 .3 

Recall that the Newton�Raphson method of Chap. 6 is an open method that finds the root x 
of a function such that/ex) = O. The method is summarized as 

lex;) 
X/+l = Xl - f'(x;) 
A similar open approach can be used t.o find an optimum ofj{x) by defining a new 

function, g(x) = f'(x). Thus, because the same optima! value x" satisfies both 

/,(x') = g(x') = 0 
we can use the following, 

J'(x;) Xi+l = Xi -
f"(x,) 

(13.8) 

as a technique to find the minimum or maximum of lex). It should be noted that this 
equation can also be derived by wtiling a second-order Taylor series for lex) and setting 
the derivative of the seties equal 10 zero. Newton's method is an open method similar to 
Newton�Raphson because it does not require initial guesses (hat bracket rhe optimum. In 
addition. it also shares the disadvantage that it may be divergent. Finally. it is usually a 
good idea to check that the second derivative has the correct sign to confirm that the tech
nique is converging on the result you desire. 

Newton's Method 

Problem Statement. Use Newton's method to find the maximum of 

x' 
J(x) = 2 sin x - TO 

with an initial guess of Xo = 2.5. 
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Solution. The first and second derivatives of the runction can be evaluated as 

x 
/,(x) = 2 cosx - 5" 

f"(x) ;;;:: -2sinx - � 
5 

which can be substituted into Eq. ( \ 3 .8) 10 give 

2 cosx/ - XII.'� X/+I = X, - . 
-2 smxi - 1/5 

Substituting the initial guess yields 

Xl = 2.5 _ 2 eo, 2.5 - 2 .5/5 
= 0.99508 

-2 'in 2.5 - 1 /5 

.. 

which has a function value of 1 .57859. The second iteration gives 

° 99 
2co, 0.995 - 0.995/5 

690 XI = 5 - = 1 .4 1 . 
-2sinO.995 - 1 /5 

which has a function value of 1 .77,385. 
The process can be repeated, with the results tabulated below: 

i x f(x} f'(x} 
0 2.5 0.57 1 94 -2. 10229 
1 0.99508 1 .57859 0.88985 
2 1 .4690 1 1 .77385 -0.09058 
3 1 .42764 1 .77573 -0.00020 4 1 .42755 1 .77573 0.00000 

Thus, within four iterations, the result converges rapidly on the true value. 

-2 

Allhough Newton's method works well in some cases, it is ill1praclical for cases 
the derivatives cannot be convenicndy evaluated. For these cases, other approacht 
do not involve derivative evaluation are available. For example, a secant-like ven 
Newton's method can be developed by lIsing finite-difference approximations for I 
rivlllive evaluations. 

A bigger reservation regarding the approach is that it may diverge based on the 
of the function and the quality of the initial guess. Thus. it is usually employed onl) 
we are close to the optimum. Hybrid teChniques that use bracketing approaches fa 
the optimum and open me/hods near the optimum attempr to exploit the strong po 
both approaches. 
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This concludes OUf treatment of methods to solve the optima of functions of a single 
variable. Some engineering examples arc presented in Chap. 16. 10 addition, the techniques 
described here are an important element of some procedures to optimize multi variable 
functions, as discussed in the next chapter. 

OBLEMS 
� formula 

' + 8.\' - 1 2 

the maximum and the corresponding value of x for 
In analytically (Le., m.iug differentiation). 

Eq. ( 1 3.7) yields the same results based on initial 
.\0 = O.XI = 2, andx2 = 6. 

lctioll. 
ical methods 10 prove that the function is concave 

cs oLr. 
IC the function and then use II root�location method 
IT the maximum 1(x) and the corresponding vllluc 

. the vallie of x that maxi mizes [(x) in Prob. 13.2 
�n-section search. Employ initial guesses of XI = 0 
perform three iterations. 

rob. 13.3, except usc quadnltic interpolation. Em
sses of Xo = 0, XI = I, and Xl = 2 and perfonn three 

·ob. 13 .3 but use Newton's method. Employ an ini
= 2 and perform three iterations. 
he advantages and disadvantages of golden-section 
:ic interpolation, and Newton's method for locating 
iue in one dimension. 
he following methods to find the maximum of _ I .Sx2 + 1 .2x3 - 0.3X4 

;tion search (XI = -2, Xu = 4. 6s = 1 %). 
interpolation (xo = 1.75, XI = 2, X2 = 2.5, itera-

llethod (xo = 3, Os = 1%). 
the following function: 

' - 2x3 - 8x2 - 5x 

and graphical methods to show the function has a 
·ome value of x in the range -2 :s X s 1 .  

13.9 Employ the following methods to tind the maximum of the 
" function from Prob. 13.8�' 

(a) Golden-section search (x/ � -2. x" = 1 ,  6, = 1 %). 
(b) Quadralie interpolation (xo = -2. x\ = -I·, .\""2 = 1,  itera

tions = 4), 

(c) Newton's method (xo =  - I , e.r =  1%). 
13.10 Consider the following function: 

3 
lex) = 2x + -

x 

Perform 10 iterations of quadratic interpolation to locate the 
minimum. Comment on the convergence of your results. (xo = 0, J , 
Xl = 0.5,X2 = 5) 
13.11 Consider the following function: 

f(x) = 3 + 6x + 5x2 + 3x3 + 4x" 

Locate the minimum by finding the root of the derivative of this 
function. Use bisection with inilial guesses of x/ = -2 and x" = I .  
13.12 Detennine the minimum of the function from Proh . 13 .11  
with the following methods: 
(a) Newton's method (xo = - 1 , 8¥= 1%). 
(b) Newton's method, but using a finite difference approximation 

for the derivative estimates. 

'
(x) = 

[(x,. + ox,.) - I(x; - OXI) 
J 2ox; 

/I lex; + ox;) - 2/ex;) - lex; - oxr) f (.,) = 
(8x;)' 

where 0 = l! perturbation fraction (= 0.01). Use an initial guess of 
Xo = - I  and iterate to £$ = 10/0, 
13.13 Develop a program using a programming or maero language 
to implement the golden-section search algorithm. Design the pro
gram so that il is expressly designed to locate a maximum. The sub
routine should have the following features: 

iterate until the relative error falls below a stopping criterion or 
exceeds a maximum number of iterations. 
Return both the optimal x andf(x). 
Minimize the number of function evaluations. 

Test your program with the same problem as Example 13.1. 

, 
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13.14 Develop a program as described in Prob. 13. 13, but make it 
perform minimization or muximization depending on the U!�er's 
preference. 
13.15 Develop a program using a programming or macro language 
to implement the quadratic interpolation algorithm. Design the pro
gram so that il is expressly designed to locate a maximum, The sub· 
routine should have the following features: 

• Base it on two initial guesses, and have the program generate 
the third initial value at the midpoint of the interval. 

• Check whether the guesses bracket a maximum. If not, the sub
routine should not implement the algorithm, but should return 
an CITor message. 
ltcrilte until the relative error faJl� below a stopping criterion or 
exceeds a maximum number of iterations. 

• Return both the optimlll x andJ(x). 
• Minimize the number of fUllction evaluations. 

Test your program with the same problem as Example 13.2. 

13.16 Develop a program using a programming or macro language 
to implement Newton's method. The subroutine should have the 
following feaHlres: 

• Iterate until the relative error falls below a stopping criterion or 
e)(cecds a maximum number of iterations. 
Retums both the optimal x andf(x). 

Test your program with the same problem as Example 13.3. 

13.17 Pressure measurements are taken at certain points behind an 
airfoil over time. The data best fits the eurve y = 6 cos x - 1 .5 sin x 
from x = 0 to 6 s. Use four iterations of the golden-search method to 
find the minimum pressure. Set XI = 2 and x .. = 4. 

13.18 The trajectory of a ball can be computed with 

g y = (tant%)x - 2 2  x2 + yO 
2uo cos eu 

where y = the height (m), 90 = the initial angle (radial 
inilial velocity (mls), g = the gravitational const<lnt : 
and yo = the initial height (m). Use the golden-secti. 
determine the maximum height given ),o = I m, 110 = 
80 = 500. Iterate until the approximate error falls bel 
using initial guesses of XI = 0 and Xu = 60 m. 
J 3.19 The deflection of a uniform beam subject to ;l 
c"easing distributeq load can be computed as 

y = 

Given that L = 600 cm, E = 50,000 kN/cm2• I =- 30,( 
Wo = 2.5 kNlcm, determine the point of maximUl 
(a) gmphically, (b) using the golden-section !<earch 
proximate elTor falls below s, = I % with initial gues 
and x .. = L. 
13.20 An object with a mass of 100 kg is projected up", 
surface of the earth at a velocity of 50 m/s. If the objec 
linear drag (c = 15 kgfs), use the golden-section search 
the maximum height the object attains. Hint recall Sec 
13.21 The nonnal distribution is a bell-shaped curv 

y = e-x2 

Use the gOlden-section search to determine the local! 
flection point of Ihis curve for positive x. 
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Multid i mensional Unconstrained 
Optim ization 

• 

lltis chapter describes techniques to find the minimum or maximum of a function of sev� 
eral variables. Recall rrom Chap. 1 3  that OUf visual image of a one-dimensional search 
wus like a roller coasler. For two-dimensional cases, the image becomes that of moun
tains and valleys (Fig. 14.1), For higher-dimensional problems, convenient images arc not 
possible. 

We have chosen to limit this chapter ro the two-dimensional case. We have adopted 
this approach because the essential features of multidimensional searches are often best 
communicated visually. " 

Techniques for multidimensional unconstmined optimization can be classified in a 
number of ways. For purposes of the present discussion, we will divide them depending on 
whether they require derivative evaluation. The approaches that do not require derivative 
evaluation arc called I/ongradiellt, or direcl, methods. Those that require derivatives are 
called gradient, or descellt (or ascelil), methods. 

Lines of constant! f x 

x 

y 
(a) (b) 
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1 4. 1  DIRECT METHODS 

EXAMPLE 1 4 . 1  

These methods vary from iSimple brute force approaches to morc elegant techniqu� 
tempt to exploit the nature of the function. We will start our discussion with a bl1liC 
approach. 

1 4. 1 . 1  Randam Search 

A simple example of a brute force approach is the random search method. As the" � 

implies, this method repeatedl� evaluates the function at randomly selected values 
independent variables. 1£ a sufficient number of samples are conducted, the oplim 
eventually be located. 

• 
Random Search Melhod • 

Problem Statement. Usc a random number generator to locate the maximum of 

J(x,  y) = y - x - 2x' - 2xy - y
' (E  

in the domain bounded by x = -2 102 and y = t to 3. The domain is depicted in Figv 
Notice that a single max.imum of 1.5 occurs at x = - 1  and y = 1 .5. 

Solution. Random number generat.ors typically generate values between 0 and 1 .  
designate such a number as r, the f,ollowing formula can be used lo generate x valu 
dOOlly within a range between XI to xu: 

x = XI + (x" - x,)I" 

For the presenl application, X, = -2 and X" = 2, and the formula is 

x = -2 + (2 - (-2))r = -2 + 4r 

This call be tested by substituting 0 and I to yield -2 and 2, respectively. 

FIGURE 14.2 
Equation (E 1 4. I . l l  shOWing the moximum 01 X= - 1  and y = 1 .5. 

y 

2 

,_L2.L1"'-.L_.1,�U.J.JOLL-'--JL.L1,..LL1..L2L...x 
Maximum 
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Similarly for y, a formula for the present example could be developed as 

y ; Yt + (y" - yiJr ; I + (3 - l lr  ; I + 2,. 

The following Excel YBA macrocode uses the VBA random number function Rod, to 
generate (x. y) pairs. These are then substituted into Eq. (EI4.1.1). The maximum value 
from among these random trials is stored in the variable mQ).J, and the corresponding x and 
y values in maxx and max)', respectively. 

maxf = -lE9 
For j m 1 To n � 

x = -2 + 4 • Rnd 

y = 1 + 2 f1 Rnd 
in = y - x - 2 11 X " 2 - 2 * x * y - y " 2 -'" 

I f  fn > maxf Then 
maxf = fn 
maxx = x 

maxy = y 
End If 

Next j 

A number of iterations yields 

Iterations 

1000 
2000 
3000 
4000 
5000 
6000 
7000 
8000 
9000 

10000 

x 
-0.9886 
- 1 .0040 
- 1 .0040 
- 1 .0040 
- 1 .0040 
-0.9837 
-0.9960 
-0.9960 
-0.9960 
-0.9978 

y 
1 .4282 
1 .4724 
1 .4724 
1 .4724 
1 .4724 
1 .4936 
1 .5079 
1 .5079 
1 .5079 
1 .5039 

" 

'Ix, y) 
1 .2462 
1 .2490 
1 .2490 
1 .2490 
1 .2490 
1 .2496 
1 .2498 
1 .2498 
1 .2498 
1 .2500 

The results indicate that lhe technique homes in on the true maximum, 

This simple brute force approach works even for discont.inuous and nondifferenriable 
functions. Furthermore, it ulways tInds the global optimum rather than a local optimum. Irs 
major shortcoming is that as the number of independent variables grows, the 

'
implementa

tion effort required can become onerous. In addition, it is not efficient becal!.se it  takes no 
account of the behavior of the underlying function. The remainder of the approaches 
described in this chapter do take function behavior into account as well as the results of 
previous trials to improve the speed of convergence. Thus, <llthough the random search can 
certninly prove useful in specific problem contexts, the fol lowing methods have more 
general utility and almost always lead to more efficient convergence. 
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It shouJd be noted rhat more sophisticated searcb techniques arc available. � 
heuristic approaches that were developed to handle either nonlinear and/or disc( 
problems that classical optimization cannot usually handle well, if <It all. Simu 
nealing, tabu search, artificial neural networks, and genetic algorithms are a few. ' 
widely applied is the genetic algorithm, with a number of commercial packages : 
Holland (1 975) pioneered the genetic algorithm approach and Davis (1991) and 
(1989) provide good overviews of the theory and application of the method. 

1 4. 1 .2 Univariate and Panern Searches 
i 

Il is very appealing to have an �fficient optimization approach that does not req 
uUlian of derivatives. The random search method described above does nc 
derivative evaluation, but it is not very effj,cienl. This section describes an appI 
univariate search method, that is more efficient and still doe..<; not require deriva 
uation. 

The basic strategy underlying the univariate search method is \0 change ant 
at a time to improve the approximation while the other variables are held constl 
only one variable is changed, the problem reduces to a sequence of one-dir 
searches that can be solved lIsing a variety of methods (including those des 
Chap. 13). 

Let us perform a univariate search graphically, as shown in Fig. 14.3. Start I 
and move along the x axis with )' constant to the maximum at point 2. You Cal 
point 2 is a maximum by noticing that the trajectory along the x axis just touches 
line at the poinL. Next, move along the y axis with x constant to point 3. Can 
process generating points 4, 5, 6, etc. 

FIGURE 14.3 
A graphical depiction of how 0 univariate search is conducted. 

y 

2 
x 
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FIGURE 1 4.4 
Conjugale directions, 

)' 
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.. 

Although we are gradually moving toward the maximum, the search becomes less 
efficient as we move along the narrow ridge toward the maximum. However, also note that 
lines joining alternate points such as 1 -3, 3-5 or 2-4, 4-6 point in the general direction of 
the maximum. These trajectories present an opportunity to shoot directly along the ridge 
toward the maximum. Such trajectories arc called pallern directiolls. 

Formal algorithms arc available that capitalize on the idea of pattern directions to find 
optimum values efficiently. The best known of these algorithms is called Powell's method. 
It is based on the observation (see Fig. 14.4) that if points I and 2 are obtained by onc
dimensional searches in the same direction but from different starting points, then the line 
formed by 1 and 2 will be directed toward the maximum. Such lines are called cO/ljugate 
directiolls. 

In fact, it can be proved that if I(x, y) is a quadratic fUllction, sequential searches along 
conjugate direc.:ljolls will converge exactly in a finite number of steps regardless of the 
slarting poinl. Since a general nonlinear fUllction can often be reasonably approximated by 
a quadratic function, methods based on conjugate directions are usually quite efficient and 
are in fact quadratically convergent as they approach the optimum. 

Let us graphically implement a simplified version of Powell's method to find Ihe maxv 
imum of 

f(x, y) = c - (x _ a)2 - (y _ b)2 

where (/, b, (lnd c are positive constants. This equation results in circular co
·
ntours in the x, 

y plane, as shown in Fig. 14.5. 
Initiate the search at point 0 with starting directions h. and 112. Note that h. and "2 are 

not necessarily conjugate directions. From zero, move along h. until a maximum is located 
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FIGURE 1 4.5 
Powell's method. 

y 

x 

at point 1 .  Then search from point 1 along direction 112 to find point 2. Next, form :I 
search direction 113 through points 0' and 2. Search along lhi� direction until the maxin 
at point 3 is located. Then search from point 3 in lhe "2 direction untjl the maximul 
point 4 is located. From point 4 arrive at point 5 by ngain searching along "3' Now, obS! 
that both points 5 and 3 have been located by searching in the 113 direction from two dil 
ent points. Powell has shown that 1/4 (formed by points 3 and 5) and Ii) are conju 
directions. Thus, searching from point 5 along h� brings us djreclly to the maximum. 

Powell's method can be refined to make it more efficient, but the formal algorithm! 
beyond the scope of this text. However, it is an efficient method that is quadratically I 
vergent without requiring derivative evaluation. 

1 4.2 GRADIENT METHODS 

As the name implies, gradie", methods explicitly use derivative information to gem 
efficient algorilhms to locate optima. Before describing specific approaches, we musl 
review some key ffimhematical concepts and operations. 

1 4.2.1 Gradients and Hessians 

Recall from calculus that the first derivative of a one·dimensional function provides a s 
or tangent \0 the function being differentiated. From thl! st<.\Ildpoint of optimization. It 
useful information. For example, if the slope is positive, il tells us lhat increasing the i 
pendent variable will lead to a higher value of the function we are exploring. 

From calculus, also recall that the first derivative may tell us when we have rcache 
optimal value since this is the point lhal the derivative goes to zero. Further, the sign 0 
second derivative can tell us whether we have rcached a minimum (pOSitive second d 
ative) or a maximum (negative second derivative). 



14.2 GRADIENT METHODS 

)' 

FIGURE 14.6 

X "" Q  
y = b  
11 = 0  

The directional gradient is defined along on axis n thot lorms an ongle 8 with the x oxis. 
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These ideas were useful to us in tlle one-dimensional s�arch algorithms we explored in 
the previous chapter, However, to fully understand multidimensional searches, we must 
first understand how the first and second derivatives are expressed in a multidimensional 
context. 
The Gradient. Suppose we have a two-dimensional function /(x. y), An example might 
be your elevation on a mountain as a runction of your position. Suppose that you are at a 
specific location on the mountain (a. b) and you want to know the slope in an arbitrary di
rection. One way to define the direction i s  along a new axis " that fanns an angle 8 with the 
x axis (Fig. 14.6). The elevation along this new axis can be thought of as a new fUllction 
g(II). If you define your position as being the origin of this axis (that is, II = 0), the slope in 
this direction would be designated as g'(O). This slope, which is called the direcrional 
derivative, can be calculated from the partial derivatives along the x and y axis by 

g'(O) = 
&/ 

cose + &
&/ 

sine &x y 
where the partial derivatives are evaluated at x = a nnd )' = b. 

(14. 1 ) 

Assuming that your goal is to gain the most elevation with the next step. the next log
ical question would be: what direction is the steepest ascent? The answer to this question is 
provided very neatly by what is referred to mathematically as the gradient, which is de
fined as 

Vf -
&/

i 
&/

. - - + -J &x &
y 

(14.2) 

This vector is also referred to as "del f" It represents the directional derivative of I(x. y) at 
point x = a and y = b. 
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Vector notation provides a concise means to generalize the gradient to n 
sians. as 

V/(x) = 

aj' 
- (x) 
aXl 
al (x) 
ax, 

• 

How do we use the gradient? For the mountain·climbing problem, if we are 
in gaining elevation as quickly as possible, the gradient tells us what direction to 
caUy and how much we will gain by taking it. NOle, however, that this straleg) 
necessarily take us on a direct path to the summit! We will discuss these idea 
depth later in this chapter. 

EXAMPLE 1 4.2 Using the Gradient ta Evaluate the Path of Steepest Ascent 

Problem Statement. Employ the gradjent to evaluate the steepest ascent direel 
function 

I(x, y) = xy' 

at the point (2, 2). Assume that positive x is pointed east and positive )' is poi 

Solution. First, our elevation can be detennined as 

1(4, 2) = 2(2)' 
= 8 

Next, the partial derivatives can be evaluated, 

al = y' = 2' = 4 
ax 
al 

= 2xy = 2(2)(2) = 8 ay 
which can be used to determine the gradient as 

VI = 4i + 8j 

This vector can be sketched on a topographical map of the function, as in Fi) 
immediately tells us that the direction we musnake is 

e = tan- l (n = 1 .107 radians (= 63.4') 

relative to the x axis. The slope in this direction, which is the magnitude of V) 
culated as 

)4' + 8' = 8.944 
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FIGURE 14.7 
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The arrow follows the direction of steepest ascent calculated with the gradient. 
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Thus, during our first step, we will initially gain 8.944 units of elevation rise for a unit dis
tance advanced along this steepest path. Observe that Eq. (14.1) yields the same result. 

8'(0) = 4 cos( 1 . 107) + 8 sin( I . 1 07) = 8.944 

Note that for any other direction, say 8 = 1.1  07/2 = 0.5235, g'(O) = 4 cos(0.5235) + 
8 sin(0.5235) = 7.608, which is smaller. 

As we move forward, both the direction and magnitude of the steepest path will 
change. These changes can be quantified at each step using the gradient, and your climbing 
direction modified accordingly. 

A final insight can be gained by inspecting Fig. 14.7. As indicated, the direction of 
steepest ascent is perpendicular, or orthogonal, to the elevation contour at the coordinate 
(2, 2). This is a general characteristic of the gradient. 

Aside from defining a steepest path, the first derivative can also be used to discern 
whether an optimum has been reached. As is the case for a one-dimensional function, if the 
partial derivatives with respect to both x and y are zero, a two-dimensional optimum has 
been reached. 

The Hessian. For one-dimensional problems, both the first and second derivatives pro
vide valuable information for searching out optima. The first derivative (a) provides a 
steepest trajectory of the function and (b) tells us that we have reached an optimum. Once 
at an optimum, the second derivative tells us whether we are a maximum [negutivej"(x)] 
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f(x. y) 

b) 

y = x  

FIGURE 14.8 
A soddle point (x = 0 and y = b!. Notice thot when the curve is viewed along the x and 
directions, the function appears to go through a minimum (positive second derivative!. .... -
when viewed along an axis x = y, II is concave downward (negative second derivative 

., 

or a minimum [positivef'(x)J. In the previous paragraphs, we illustrated how the 
provides best local trajectories for multidimensional problems. Now, we wiJl exa� 
the second derivative is used in such contexts. 

You might expect that if the partial second derivatives with respeCl to both x.� 
both negative, then you have reached a maximum. Figure 14.8 shows a function wheE
is not true. The point (a, b) of this graph appears to be a minimum when observed akp_ 
ther thex dimension or the y dimension. In both instances, the second partial derivati 
positive. However, if the function is observed along the line y = x, it can be seeD 
maximum occurs at the same point. This shape is called a saddle, and clearly, 
maximum or a minimum occurs at the point. 

Whether a maximum or a minimum occurs involves not only the partials with 
to x and y but also the second partial with respect to x and y. Assuming that the p 
rivatives are continuous at and near the point being evaluated, the following quan -
be computed: 

IHI = &'f &'f _ ( &'f )' &x' &y' &x&y 
Three cases can occur 

• If IHI > 0 and &'f/&x' > 0, lhen/(x, y) has a local minimum. 
• If IHI > 0 and a2/18x2 < 0, then/ex, y) has a local maximum. 
• If IH( < 0, then/ex, y) has a saddle point. 
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The quantity IHI is equal to (he determinant of a matrix made up of the second deriv
atives, I 

a' f a' f 
H =  

ax' axay 
(14.4) 0' f a'f 

ByBx ay' 
where lhis matrix is formally rererred to as the Hessian of f 

Besides providing a way to discern whether a ffi,yitidimensional function has reached 
an optimum, the Hessian has orher uses in optimizution (fo! example, for the multidimen
sional form of Newton's method). In particular, it allows searches to includ� second-order 
curvature to auain superior results. -.> 

Finite-Difference Approximations. Il should be mentioned that, for cases where they arc 
difficult or inconvenient to compute analytically, both the gradient and lhe determinant of 
the Hessian can be evaluated nUlllerically. In most cases, the approach introduced in 
Sec. 6.3.3 for the modified secant method is employed. That is, the independent variables 
can be perturbed slightly lO generate the required partial derivatives. For example, if a 
centercd·difference approach is adopted, they can be computed (IS 

_af = ,-,f(:::.x...:+...:�.:.cX,-" y"');-;-,-'f"'(x"---..:c0c..x,=y) 
ax 2.5x 
af f(x, y + oy) - f(x, y - oy) 
ay 20y 
a' f f(x + ox, y) - 2f(x, y) + f(x - ox, y) 
ax2 = �x2 
a' f f(x, y + oy) - 2f(x, y) + f(x, y - oy) 

- =  8y2 8y2 
a'f 

-- =  
8x8y 

( 14.5) 

( 14.6) 

( 14.7) 

( 14.8) 

f(x + ox ,y  + oy) - f(x + ox , y  - oy) - f(x - ox, y + oy) + f(x - ox, y - oy) 
4<5xoy 

(14.9) 

where � is some small fractional value. 
Note that the methods employed in commercial software packages also use forward 

differences. in addition, they arc usually more complicated than the approximations listed 
in Eqs. ( 1 4.5) through (l4.9). For example, the IMSL library bases the perturbation on ma
chine epsilon. Dennis and Schnabel (1996) provide more detail on the approach. 

Regardless of how the approximation is implemented, the important point is that you 
may have the option of evaluating the gradient andlor the Hessian analytically. This can 
sometimes be an arduous task, but the perfonnance of the algorithm may benefit enough 
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to make your effort worthwhile. The closed·fonn derivatives will be exact, but mo 
portantly, yOll will reduce the number of function evaluations. Thi� laner point call I 
critical impact on Ihe execution time. 

On the other hand, YOll will often exercise the option of having the quantities 
pUled internally using numerical approaches. Tn many cases, the perfolmance will tx 
adequate and you will be saved the difficulty of numerous partial differentiations. 
would be the case on the optimizcrs used in certain spreadsheets and mathcmatica 
W,lfe packages (for example, Excel). In such cases, you may nol even be given the 
of entering an analytically derived gradient and Hessian. However, for small 10 mod( 
sized problems, this is usually not a major shortcoming. 

1 4.2.2 Steepest Ascent Method .. 

An obvious strategy for climbing a hHi would be to determine the maximum slope I 
starting position and then start walking in that direction. But clearly, another problclT 
almost immediately. Unless you were really lucky and starred on a ridge thul poin 
recdy 10 the summit, as soon as you moved. your path would diverge from the slee� 
cent direcrion. 

Recognizing this fact, you might adopt the following strategy. You could walk 
distunce along the gradient direction. Then you could stop, reevaluate the gradie
waJk another short distance. By repeating the process you would eventually get to 
of the hill. 

., 

Although this strategy sounds superficially sound. it is not very practical. ln par 
the continuous reevaluation of the gradient can be computationally demanding. Apr. 
approach involves moving in a fixed path along the initial gradient unut fCx. Y) Sl 
creasing, that is, becomes level along your direction of travel. This stopping point bt 
the starling point where Vf is reevaluated and a new direction followed. The proce� 
peated until the summit is reached. This approach is called the steepest ascent. met. 

is the most straightforward of the gradient search teChniques. The basic idea behind 
proach is depicted in Fig. 14.9. 

We strut at an initial point (xo. )'0) labeled "0" in the figure. At this point, we del 
the direction of steepest ascent, that is. the gradient. We then search along the dire( 
the gradient. "0. until we find a maximum, which is labeled " 1 "  in the figure. The . 
is then repeated. 

Thus, the problem boils down to two pUl1S: (1) determining the "best" clire( 
search and (2) derennining the "best value" along that search direction. As we will 
effectiveness of the various algorithms described in the coming pages depends I 

clever we are at both purts. 
For the time being. the steepest ascent method lIses the gradient approach as it} 

for Ihe "best" direction. We have already shown how the gradient is evaluated in 
pie 14 .1 .  Now, before examining how the algcriUlill goes about locating the ml 
along the steepest direction, we mllst pause to explore how to transform a function, 
Y into a function of h along the gradient direction. 

28ecausc of OLiT emphasis on maximization here, we use the terminology sleepest ascelll. Thc same app 
also be us\!d for minimiZlltion, in which case lhe Icrminology steepest desctlnl is used. 
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FIGURE 14.9 
A graphical depiction of the method of steepest ascent. 
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The relationship betvveen an orbilrmy direction " and x and y coordinates. 
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Sianing at Xu. )'0 the coordinates of any poim in the gradient direcliolT can be ex
pre&Scd as 

aj x ;;;; Xo + -10 
ax 

y = Yo + aj 10 
ay 

( 14. 1 0) 

( 14. 1 1) 
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where " is disUlncc along the II axis. For example, suppose Xo = 1 and ),o = 2 
3i + 4j , as shown in Fig. 14.10. The coordinates of nny point along the II axis are_ 

x = 1 + 311 

y = 2 + 4" 

The following example ilIustrutcs how we can lise these transformations to comer 
dimensional [unction of x and y into a one-dimensional function in h. 

Developing a l -D Function I)Ion9 the Gradient Direction 

Problem Statement. Suppose we have the following two-dimensional function: 

J(x.  y) = 2.,y + 2x _ x2 - 2y' 

Develop a one-dimensiona l version of this equation along the gradient direction 
X =  -1 and y =  1 .  

Solution. The partial derivatives call be evalumcd at ( - 1 .  I), 

&J 
&x 

= 2y + 2 - 2x = 2( I )  + 2 - 2( - I )  = 6 

oj = 2x - 4y = 2(- I) - 4( 1 ) = -6 
Jy .. 

Therefore, the gradient vector is 

VJ = 6i - 6j 

To find the maximum. we could search along the gradient direction, that is, along _ 
running along the direction of this vector. The function can be expressed along thi .. 

J xo + - I1 . )'o + - I, = J( - I  + 611. 1 - 611) 
( DJ vJ ) 

ax ay 

= 2( -I + 6")( I - 611) + 2( - I  + 6") - (-I  + 6,,)2 - 2(1 - 611)2 

where the partial derivatives are evaluated at x = - I  and y = I .  

By combining tenns. we develop a one-dimensional function g(lt) that maps 
along the It axis, 

g(h) = - 1 8011' + 7211 - 7  

Now that we have developed a fUl1ctjon along the path of steepest ascent, we 
plore how to answer the second question. That is, how far along this path do we Ira, 
approach might be to move along this path until we find the maximum of this funct' 
will call the location of this maximum fl·. This is the value of the step that maxi 
(and hence, f) in the gradient direction. This problem is equivalent to finding the 
mum of a function of a single variable fl. This can be done using different one-dime 
search tcchniques like the ones we discussed in Chap. 1 3. Thus, we convel1 from 6 
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the optimum of a two-dimensional function 10 performing a one-dimensionaJ search along 
the gradient direction. 

This method is called steepest ascent when all arbitrary step size " is used. If a value 
of a single step ",. is found that brings us directly to the maximum along the gradient di
rection, the method is called the optimal steepest ascent. 

,)(AMPLE 1 4.4 Optimal Steepest Ascent 

Problem Statement. Maximize the following function: 

J(x, y) = 2xy + 2x - x' - 2y' 

using initial guesses, x = -1 and y = 1.  

Solution. BeClluse this funclion is so simple, we can first generate an analytical solution. 
To do this. the partial derivatives can be evaluated as .> 

VJ 
- = 2y + 2 - 2x = 0 
ax 
aJ 
- = 2x - 4y = 0  
ay 

This pair oj' equations can be solved for the optimum, x = 2 and y = I .  The second pmtiai 
derivatives can also be determined amI evaluated at the optimum, 

a'J 
- = -2 
ax' 

a' J 
- = -4 
ay' 
a'i a'i -- = -- = 2 

axily ayax 

"' 

and the detenrunant of the Hessian is computed lEq. (1 4.3)], 

I H I  = -2(-4) - 2' = 4 

Therefore. because INI > O and a2flfJx2 < 0, function valuef(2. I)  is a maximum. 
Now let us implement steepest ascent. Recall that, at the end of Example 14.3, we had 

already implemented the initial steps of the problem by generating 

g(,,) = -t 80'" + 72" - 7 

Now, because this is a simple parabola, we can directly locale the maximum (that is, h = 
".) by solving the problem, 

g'W) = 0 

- 360'" + 72 = 0 
II· = 0.2 

This means that if we travel along the h. axis, g(h) reaches a minimum value when II = 
h· = 0.2. This resull can be placed back into Eqs. (14. 1 0) and (14.11) to solve for the 
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FIGURE 1 4.1 1 
The method of optimal steepest ascent. 

(x, y) coordinates corresponding to this point, 

x = - I  + 6(0.2) = 0.2 

y = I - 6(0.2) = -0.2 
., 

4 

This step is depicted in Fig. 14 . 1 1 as the move from poinl a to 1 .  

x 

The second step is merely implememed by repeating Ihe procedure. First, the r 
derivatives can be evaluated at the new starting point (0.2, -0.2) to give 

aJ = 2(-0.2) + 2 _ 2(0.2) = 1.2 
ax 

:J = 2(0.2) _ 4(-0.2) = 1 .2 uJ' 
Therefore, the gradient vector is 

VJ = 1 .2 ;  + I.2j 

This means {hat the steepest direction is now pointed up and to the right at a 450 angl 
the x axis (see Fig. 14.11). The coordinates along this new II axis can now be expre� 

x = 0.2 + J .2/i 

Y = -0.2 + 1 .2h 

Substituting these values into the function yields 

1(0.2 + 1 .2/i, -0.2 + 1 .211) = C(/i) = -1 .44/i' + 2.88h + 0.2 

The step Ii'" to take us to the maximum along the search direction can then be direct I: 
pmed as 

l("") = -2.88h" + 2.88 = 0 

Ii* ;; 1 
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This result cnn be placed back into Eqs. (14.10) and (14. [ 1 )  to solve for the (x, y) coordi
nates corresponding to this new point. 

x = 0.2 + 1 .2(1 ) = 1 .4 

Y = -0.2 + 1 .2(1) = I 

As depicted in Fig. 14. 1 1 , we move to the new coordinates, labeled point 2 in the plOl, and 
in so doing move closer to the maximum. The approach can be repeated with the final re
sult converging on the analytical solution. x = 2 and)' = 1 .  

It can be shown that the method of steepest descent is linearly convergent. Further, it 
tends to move very slowly along long, narrow ridges. This is because the new gradient at 
each maximum point will be perpendicular to the original direction."'Thus, the technique 
takes many small steps criss-crossing the direct route to the summit. Hence, although it is 
reliable, there are other �\pproaches that converge much more rapidly, pmticularly in the 
vicinity of an optimum. The remainder of the section is devoted to such methods. 

1 4.2.3 Advanced Gradient Approaches 

Conjugate Gradient Method (Fletcher-Reeves). In Sec. 14.1.2, we have seen how 
conjugate directions in Powell's method greatly improved the efficiency of a univariate 
search. Ln a similar manner, we can also improve the linearly convergent steepest a�cent 
using conjugate gradients. In fact, an optimization method that makes use of conjugate gra
dients to define �earch directions can be shown to be quadratically convergent. This also 
ensures that the method will optimize a quadratic function exactly in a finite number of 
steps regardless of the starting point. Since most well-behaved functions can be approxi
mated reasonably well by a quadratic in the vicinity of an optimum, quadratically conver
gent approaches are often very efficient ncar an optimum. 

We have seen how starting with two arbitrary search directions, Powell's method 
produced new conjugate search directions. This method is qml draticaJly convergent and 
does not require gradient information. On the other hand, if evaluation of derivatives is 
practical, we Cilll devise algorithms that combine the ideas of steepest descent and conju
gate directions to achieve robust initial pCliormance and rapid convergence as the tech
nique gravitates toward the optimum. The Fletcher-Reeves cOlljugate gradient algorithm 
modifies the steepest·ascenl method by imposing the condition that successive gradient 
search directions be murually conjugate. The proof and algorithm are beyond the scope of 
the text but are described by Rao (1 996). 

Newton's Method. Newton's method for a single variable (recall Sec. 13.3) can be 
extended to multivariate cases. Write a second-order Taylor series for/(x) near x == Xi. 

T I T [(x) = [(x,) + V[ (x,)(x - x,) + 7: (x - x,) H,(x - x,) 

where Hj is the Hessian matrix. At the minimum, 

for j == I ,  2 ,  . . . , II 

.---- -
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x 

.. 
)' 

FIGURE 14.12 
When the starling point i s  close to the optimal point, following the gradient can be i 
Newlon methods ot1empl lo search along a direct path 10 the optimum {sol id line}, 

Thus, "' 

Vf = Vf(Xi) + Hi (X - Xi) = 0 

If H is nonsingular, 

Xi+t = Xi - Hi-1V! 

which can be shown to converge quadratically ncar the optimum. This method ar:
forms better than the steepest m;cenl method (see Fig. 14.12). However, note 
method requires both the computation of second derivatives and matrix inversion ! 
iteration. Thus, the method is not very u!:icful in practice for functions wHh large nu 
of variables. Furthermore, Newton's method may not converge if the starting poinl is 
close to the optimum. 

Marquardt Method. We know that the method of steepest ascent increases the fuoc 
value even if the starting point is far from an optimum. On the other hand, we have 
described Newton '5 mcthod. which converges rapidly near thc maximum. MarqfltlJ 
method uses the steepest descent method when x is far from x*, and NeWlon's mel 
when x closes in on an optimum. This is accomplished by modifying the diagonal of 

Hessian in Eq. (14.14), 

HI = HI + a,f 
where (ti is a positive constant and I is  the identity matrix. At the start of the procedufl 
is assumed to be large and 

- I I 
H- ::::: - f  I (ti 
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which reduces Eq. (14. 14) to the steepest ascent method. As the iterations proceed, at ap
proaches zero and the method becomes Newton's method. 

Thus. Marquardt's method offers the best of both worlds: it plods along reliably from 
poor initial starting values yel accelerates rapidly when it /:\pproaches the optimum. 
Unfortunately, the method still requires Hessian evaluation and matrix inversion at c<lch step. 

T!. should be noted that the Marquardt method is primarily used for nonlinear least
squares problems. For example, the rMSL library contains a subroutine for this purpose. 

Quasi-Newton Methods. QI/(lsi-Ne�vtoll! or variable metric, lIIethod,l' seek \0 estimate 
the direct path to the optimum in a manner similar �o Newton's method. However. notice 
that the Hessian matrix in Eq. (14. 14) i:; compo:;ed oi' the second delivatives of jthal vary 
from step to step. Quasi-Newton methods attempt to avoid these difllcuhies �Y approximat
ing H with another matrix A using only fir:;t partial derivatives off. The approach involves 
starting with an initial approximation of ,_,-I and updating and impro�;ng it with each iter
ation. The methods are called quasi-Newton because we do not use the true Hessian, rather 
an approximation. Thus, we have two approximations at work simultaneously: ( 1 )  the 
original Taylor-series approximation and (2) the Hessi;'lll approximation. 

There are two primary methods of this type: the Dm!idon-Fletc:her-Powel! (OFP) and 
the Broydel1-Fletcher-Goldjarb-Shanllo (BFGS) algorithms. They are similar except For 
details concerning how they handle round-ofT error and convergence issues. BFGS is 
general ly recognized as being superior i n  most cases. Raa (1 996) provides details and for
mal statementS of both the DFP anti the SPGS algorithms. 

xample 14.2 for the following function at the point (h) ConStruct n plot from the results of (a) showing the path of the 
search. 

XI' + 1 .5)' - 1 .25.\'2 - 2y2 + 5 

iirecliollal derivative of 

1 + 2i 

= 2 in the direction of 11 = 2i + 3j. 
grndicllI vector and Hessian matrix fol' each of the 
!ions: 
\1.2 + 2e-')' 

2X2 + l + Z2 
1(.\'2 + 3xy + 2y2) 

.25xy + 1 .75y - J .5x2 _ 2)'2 

solve a system of lincaL' algebraic equntions thn! 
. Note that this is done by selling the partial deriv,,
'espec[ to both x and y 10 zero. 

n initial guess of x = 1 andy = 1 and apply two llppli

he steepest ascent method to[(x. y) from Prob. 1 4.4. 

14.6 Find the minimum value of 

fC" y) = (., - 3)' + (y - 2)' 

starting at x = I and y = I ,  using the steepest descent method with 
a slopping criterion of Es = I %. Explain your restills. 
14.7 Perform onc iteration of the stecpest IIscenl method to locate 
the maximum of 

[(x. y) = 4x + 2y + x2 - 2x4 + 2xy -:.'Ii 
using initial guesses x = 0 and y = O. 8mploy bisection to find the 
optimal step size in the gradient search dircction. 
14.8 Perform One iteration of the optimal gradienl steepest descent 
method 10 locnte the minimum of 

lex, y) = -8x +x2 + t2y + 4y2 - 2xy 

using initial guesses.\' = 0 and y = O. 
]4.9 Develop a pL'ogram using a programming or macro language 
to implement the random search method. Design the subprogram so 
that it is exprcssly dcsigned to locate a ma.ximum. Test the program 
withf(x, y) from Prob. 14.7. Use a range of -2 to 2 for both x and y. 
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14.10 The grid search is another brute force approach to optimiza
tion. The two-dimensional version is depicted in Fig. P14. 10. Thex 
and y dimensions are divided into increments 10 create a grid. The 
function is then evuluuted at each node of the grid. The denser the 
grid, the more likely it would be to locale the optimum. 

Develop a program using a programming or macro language to 
implement the grid search method. Design the program so that it 
is expressly designed to locale a maximum. Test it with the same 
problem as Example t4.1 .  
1 4.1l Develop a one-dimensional eguatio[l in the pressure gradient 
direction at the point (4, 2), The pressure function is 
, I(x, y) = 6x2y - 9l - 8x2 
14.12 A temperature function is 

f(x. y) = 2xJi - 7xy + .1,'2 + 3y 

Develop a one-dimensional function in the temperature gradient 
direction at the point ( 1 ,  I). 

Figure P 1 4. 1 0  
The grid search, 

" 
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CURVE FiniNG 

PTS.l MOTIVATION 

Data is often given for discrete values along a contihuum. However, you may require 
estimates al points between the discrete values. The present part of trus book describes 
techniques to fit curves to such data to obtain intermediate estimates. In addition, you may 
require a simpl ified version of a compl icated function. One way to dO ·lllis is to compute 
values of the function at (l number of discrete values along the range of interest. Then, a 
simpler function may be derived to fit these vulues. Both of these application!'; Hre Imown 
as c:wve filting. 

There are two general approaches for curve fitting that are distinguished from each 
olher on the basis of the amount of error associated with the data. First. where the data ex
hibits <l significant degree of error or "noise," the strategy is to derive a single curve th<lt 
represents Lhe general lrend of the data. Because any individual data point may be incor
rect, we make no effort 10 intersect every poinl. Rmher, the curve is designed to follow the 
pauem of the point.s taken as a group. One approach of this nature is called least-squares 
regression (Fig. PT5.1  a). 

Second, where the daUi is known to be very precise , the basic approach is to fit <I curve 
or a series of curves that pass directly through each of the points. Such datu usually origi
nates from tables. Examples are values for the density of water or for the hent capacity of 
gao:;es as a function of temperature. The estimation of values between weU-known discrete 
points is called inre']J()lation (Fig. PT5.lb a.nd c). 

PTS. I . l Noncomputer Methods for Curve Filling 

The simplest method for fitting a curve to data is to plot the points and then sketch a line 

that visually conforms to the data. Although Ihis is a valid option when quick estimates are 
required, the results are dependent on the subjective viewpoint of the person sketching the 
curve. 

For example, Fig. PT5.1 shows sketches developed from the same sel of data by three 
engineers. The first did not attempt to connect the points. but rather, characterized the gen
eral upward trend of the dala with a straight line (Fig. PTS.Ja). The second engineer used 
straight-line segments or l inear interpolation to connect the points (Fig. PTS.1b). This is a 
very common practice in engineering. If the values ill'e truly close to being ji'near or are 
spaced closely, such an approximation provides estimates that are adequate for Illany engi� 
neering calcul<l1ions. Howt:ver, where tht: umlt:rlying relationship is highly curvilinear or 
the clata is widely spaced, Sign ificant errors can be introduced by such linear interpolation. 
The third engineer used curves to try to capture the meanderings suggested by the data 
(Fig. PT5.1c). A fourth or fifth engineer would likely develop alternative fits. Obviously, 

425 
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FIGURE PTS.l 

• f(x) 
(a) x 

(b) x 

(e) 

Three attempts 10 fit a �bes( curve through five dolo points. (0) least-squares regression, 

(b) linear interpolation, and Ie) curvilinear interpo\oHon. 

our goal here is to develop systematic and objective methods for the purpose of d 
such curves. 

PTS. l .2 Curve fitting and Engineering Practice 

Your first exposure to curve fittjng may have been to determine intermediate valut 
tabulated data-for instance, from interest tables for engineering economics or fron 
tables for thermodynamics. Throughout the remainder of your career, you will h� 
quent occasion to estimate intermediate values from such tables. 

Although many of the widely used engineering properties have been tahulate. 

are a great many more that are not available in this convenient fOnll. Special cases a 
problem contexLo; often require that you measure your own data and develop your 0' 
dictive relaLiunships. Two types or applications arc generally encountered when 
experimental data: lrend analysis and hypothesis testing. 
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Trend analysis represents the process of using the pattern of the data to make predic
tions. For cases where the dara is measured with high preci.'iion, you might utilize interpo
lating polynomials. Imprecise data is often analyzed with least-squares regression. 

Trend analysis may be used to predict or forecast values of the dependenl variable. 
This can involve extrapolation beyond the limits of the observed data or interpolation 
within the range of the data. All fields of engineering commonly involve problems of 
this Iype. 

A second engineering application of experimental curve fitting is hypothesis festing. 
Here. an existing mathematical model is compared with measured data. ff the model coef
ficient� are unknown, it may be necessary to detenni'ne values that best fit the observed 
data. On the other hand, if estimates of the model coefficients are already available, it may 
be appropriate to compare predicted values of the model with observed values to test the 
adequacy of the model. Often, alternative models are compared and the "best" one is se
lected on the basis of empirical observations. 

Tn addition to the above engineering applications, curve fitting is important in other 
numerical methods such as integration and the approximate solution of differential el')lI:l� 
(ions. Finally. curve-fitting techniques can be used to derive simple fUllctions to approxi
mate complicated functions. 

PT5.2 MATHEMATICAL BACKGROUND 

The prerequisite mathematical background for interpolation is found in the material on 
Taylor series expansions and finite divided differences introduced in Chap. 4. Least
squares regression requires additional information from the field of statistics. If you are 
familiar with the concepts of the mean. standard deviation, residual sum of the squares, 
normal distribution, and confidence intervals, feel free to skip the following pages and 
proceed directly to PT5.3. If you are unfamiliar with tbese concepts or arc in need of a 
review, the following material is designed as a brief illiroduction to these topics. 

PTS.2.1 Simple Statistics 

Suppose Lhat in the course of an engineering study, several measurements were made of a 
particular quantity. For example, Table PT5.1 contains 24 readings of the coefficient of 
thermal expansion of a structural steel. Taken at face value, the data provides a limited 
amount of information-that is. that the values range from a minimum of 6.395 to a maxi
mum of 6.775. Additional insight can be gained by summarizing the data in  one or morc 
well-chosen statistics that convey as much information as possible about specific charac
teristics of the data set. These deSCriptive statistics are most often selected to represent 

TABLE PTS. l  Measurements of the coefficient of thermol expansion of structuror steel 
Ix 1 0-6 in/lin . °FJI. 

6.495 
6.665 
6.755 
6 565 

6.595 
6.505 6.625 
6.5 1 5  

0.615 
0.435 
6.715 
0.555 

6.635 
0.625 
6.575 
0.395 

0.<185 
6.715 
6.655 
6.775 

0.555 
0.655 
6.605 
6.685 
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( I )  the location of the center of the distribution of the data and (2) the degree 
the data set. 

The most common location statistic is the arithmetic mean. The arithmen 
of a sample is  defined as the sum of the individual data points O'i) divided b� 
of points (1/), or 

_ EYi 
Y = -

1/ 

where the summation (and �11 the succeeding sununations in this introdu 
; = 1 through II. 

The mOSt common measure of spread for a sample is the �'r(l/ldard dev;at' 
the mean, 

s = j S, y 11 - J 
where SI is the total sum of the squares of the residuals between the data poIa 
mean, or 

., 
Thus, if the individual measurements are spread out widely around tbe mean. s.. 
sequcntly, s).) will be large. If they arc grouped tightly, the standard deviation \\ 
The spread can also be represented by the square of the standard deviation, wh
the v(lriom.:e: 

Note that the denominator in both Eqs. (PTS.2) and (PTS.4) is /I - L The quan - _ 
referred to as the degrees of freedom . Henee S( and $)' are said to be based on 1/ -

of freedom. This nomenclature derives from the fact thut the sum of the quan 
whieh Sf is based (that is, ji - )'1, ji - )'2, . . .  , ji - Yn) is zero. Consequently. if 5 
and 11 - 1 of the values are specified, the remaining value is fixed. Thus, only n -

values are said to be freely determined. Another justification for dividing by n 
fact that there is no such thing as the spread of a single data point. For tIle case \\ 
Eqs. (PTS.2) and (PTS.4) yield a meaningless resull of infinity. 

It should be noted that an alternative, more convenient formula is available (0 
the standard deviation, 

n - \  

This version docs not require prccomputntion of y and yields an identical 
Eq. (PT5.4). 
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A final statistic that has utility in quantifying the spread of data is the coejJiciem 
o!variatioll (c. v.). This statistic is the ratio of the standard devintion to the mean. As such. 
it provides a normalized measure of the spread. It is often multiplied by 100 so that it can 
be expressed in the form of a percent 

C.V. = '\�' IOO% 
Y 

(PT5.5) 

Notice that the coefficie nt of variation is similar in spirit to the percent relative errol' (E, ) 

discussed in Sec. 3.3. That is. it is the ratio of u meas(lre of error (s).) to an estimate of the 
true value (v). 

Simple Statistics of a Sample • 

Problem Statement. Compute the mean, v'lriance. standard devimion, and coefficient of 
vurimion for the data in Table I'T5 . 1 .  

TABLE PTS.2 Computations for statistics for the readings of the coefficient af thermal 
expansion. The frequencies and bounds are developed to construct the 
histogram in  Fig. PTS.2. 

Interval 

lower Upper 

y, (YI _ y)2 Frequency Bound Bound 

1 6.395 0'<)42025 6.36 6.40 
2 6.435 0.027225 6.40 6.44 
3 6.485 0.01 3225 
4 6.495 0.0 1 1 025 
5 6.505 0.009025 4 6.48 6.52 

6 6.515 0.007225 
7 6.555 0.002025 2 6.52 6.56 
8 6.555 0.002025 
9 6.565 0.001225 

1 0  6.575 0.000625 3 6.56 6.60 
1 1 6.595 0.000025 
1 2  6.605 0 000025 
1 3  6.615 0.000225 
1 4  6.625 0.000625 5 6.60 6.64 
15 6.625 0 000625 
16 6.635 0.001225 
17 6.655 0.003025 
1 8  6.655 0.003025 3 6.64 6.68 
1 9  6.665 0.004225 
20 6.685 0.007225 
2 1  6.715 0.01 3225 3 6.68 6.72 
22 6 7 1 5  0.013225 
23 6.755 0.024025 6.72 6.76 
24 6.775 0.030625 6.76 6.80 

E 158.4 0.21/000 
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Solution. The dalll IS udded (Table PT5.2), <lnd the results are used . 

[Eq. (PT5 . l l] 

_ 158.4 )' � 24 � 6.6 

-

As in Table PTS.2, the sum of the squares of (he residuals is 0.217000, which ..... 
to compute the standard deviation [Eq. (PTS.2)]: 

0.217000 
Sy � \, � 0.097 133 

• 24 - I , 

the variance IEq. (PT5.4l]: 

s; � 0.009435 

and the coefficient of variation IEq. (PT5.S)]: 

c .v. � 0.0971 33 1 00% � 1 .47% 
6.6 

PTS.2.2 The Normal Distribution 
i 

Another characteristic that bears '011 the present discussion is the data distrib u,ri· ....... 
the shape with which the data is spread around the mean. A histogram provides. 
visual representation of the distribution. As seen in Table PTS.2, the hislogra. 
structed by sorting the measurements into inlervais. The units of measurement 
on the abscissa and the frequency of occurrence of each interval is plaued on the 
Thus. five of the measurements fall between 6.60 and 6.64. As in Fig. PTS.2, the 
suggests that most of the data is grouped close to the mean vahle of 6.6. 

If we have a very large sct of data, the hi�togram often can be approximaB: 
s11100th curve. The symmetric. bell-shaped curve superimposed on Fig. PTS.2 b 
characteristic shupe-the normal distribution. Given enough additional measu 
histogram for this particular case could eventually approach the normal distribllll1 

The concepts of the mean, standard deviation, residual sum of the squares. an.:. 
distribution all have great relevance to engineering practice. A very simple exam 
use to quanl'ify the confidence that can be ascribed to a particular measurement. 
lity is normally distributed, the range defined by ji - Sy 10 Y + Sy will encomp� 
imately 68 percent or the 10lal measurements. Similarly, the range defined by 5 
Y + 2s)" will encompass approximately 95 percent. 

For example, for the data in Table PT5.1  (ji = 6.6 and 5y = 0.097133), we can 
statement that approximately 95 percent of the readings should fall between 6.405 
6.794266. If someone told us thai they had measured a value of7.35. we would s 
the measurement might be erroneOllS. The followine �eclion elaborale� on such e\' 

PTS.2.3 Estimation of Confidence Intervals 

As should be clear from the previolls sections, one of the primary aims of sratistics 
timate the propellies or a populatioN based on a limited ,mmple drawn from that 
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FIGURE PTS.2 
A hislogrom used 10 depict the distribution of dota. k the number of doto points increases, the 
histogram could approach rhe smooth, bell-shaped curve called the normal distribution. 

Clearly, it is impossible 10 measure the coeflicient of thermal expansion for every piece of 
structural steel that has ever been produced. Consequently. as seen in Tables PTS. l  and 
PTS.2, we can randomly make a number of measurements and, on the basis of the sample. 
attempt to characterize the properties of the entire population. 

Because we " infer" properties of the unknown population from a limited sample, the 
endeavor is called stGliSlicaf il/ferellce, Because the results are often rep011ed as estimates 
of the populntion parameters, the process is also referred to as estimatio". 

We have already shown how we estimate the central tendency (sample mean, ji) and 
spread (sample standard devialion and variance) of a limited sample. Now, we will briefly 
describe how we can altach probabilistic statements to the quality of these estimates. In 
pruticular, we will discuss how we can define a confidence interval around our estimate of 
the meun. We have chosen Ihis particular topic because of its direct relevance to the re
gression modelS we will be describing in Chap. 17. 

Note that in the following discussion. the nomenclature ji and Sy refer to the sample 
mean and standard deviation. respectively. The nomenclature J.L and (1 refer to the popula
tion mean and standard deviation, respectively. The former are sometimes referred to as the 

"estimated" mean and standard deviation, whereas the latter arc sometimes called the 

"true" mean and standard devi.uioll. 
An interval estimator gives the range of values within which the parameter is expected 

to lie with a given probability. Such intervals are described as being one-�ided or two
sided. As the name implies, 11 olle-sided interval expresses our confidence that the pilrame
ter estimate is less [han or greater than the tme value. I n  contrast. the two-sided imelva{ 
deals with the more general proposition thallhe estimate agrees with the truth with no con
sideration to the sign of the discrepancy. Decause it is more general, we will focus UII tht! 
two-sided interval. 
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(a) 

(b) 

FIGURE PTS.3 

Distribution of 
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A 1w0"5ided confidence interval. The abscissa scale in {oj is written in the natural uni� _ 

random variable y. The normalized version of the abscissa in (b) has the mean at the CI 
scoles the axis so that the stondard deviation corresponds to a unit value. 

A two-sided interval can be described by the statement 

P{L :s J< :S U} = I - a 

which reads, "the prob<lbitilY that Ihe tme mean of y, /J... falls within the bound frcJI 
is I - Ct." The quantity a is called the sigllijic(lIIce level. So the problem of defini 
fidence interval reduces to estimating L and U. Allhough it is not absolutely !lece<; 
customary to view the two-sided interval with the Ct probability distributed even. 
i n  each tail of the distribution, as in Fig. PT5.3. 

If the true variance of the distribution of y, cr2, is known (which is not usually 
statistical theory states that tlte sample mean ji comes from ,I normal distribution 
f.I. and variance u2/11 (Box PT5. I). In the case illustrated in Fig. PT5.3, we reaU 
know l,t. Therefore, we do not know where the normal curve is exacrly located 
spect to y. To circumvent this dilemma, we compute a new quantity, the sflllldarr. 

estimale 

_ Y - J1-
Z = --

CT/� 
which represents the normali:lcd distance between ji und fl. According to statistiCf 
this quantity should be normnlly distributed with a mean of 0 and a varian 
Punhermore, the probability thul l would fal l  within the ullshaded region of Fi! 

--------------- --
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Box PTS.! A liHle Statistics 

' • •  e\eral courses to become proficient at stalis
-:..:� not have taken such a course yet, we would _ ;ew ideas that might make this prescnt section 

_:!'J. the "game" of inferential statistics assumes 
_-:lb1e you lire smnpling, y, has (I true mean (/-L) 

Further. in the present discussion, we al�o i\S
-"ni�'ular distribution: the nonmll distribution. 
. "'�lm\al distribution has a finite value tilat spec
. the nonnlll distribmion. lfthe val'illnce is large. 
-�,)Jd. Conversely. if Ihe vuriance is small, the 

--.... , Thus. the true valiance qunnlifies the intrill-
:.�! r.mdom variable. 

- . :...tus.tics. we take a limited number of measlJl'C_-:j� called a s:lI11ple. From lhi!) sample. we can 
,-eJ mean (r) and variance (s;). The more mca-
. the beller the estimates approximate the true 

- x . . v � 1L and s: � if. 
� I�C /I smnplcs and compute an estimated mean 

; .!l1other 1/ slllllples and comptlte Ilnolher, }'2. We _ :hi, process until we have generated a sample of 
. S·", . where II! is large. We can then develop 

-�'< means and delennine a "distribution of the _ " mean of the means" nnd a "standard deviation 
the question arises: does this new distribution 

.:.tl�ti(:s bclwve in a predictable fashion? 

There is an extremely important theorem known as the Central 
Limif Theorem that speaks directly to this question. It can be stated 
as 

Let)'h )'2 . . . . .  ),,, be a random .Wlmple of size II/rom a di.�Ir;bll
tiol1 wirh mean /.L alld variance (12. Thell./or large II. ji is approx;
malld), norma/ witl, mean J1. and II(II"i(mce a2/n. Furthermore, for 
Imge II, rhe random l'ari'lble (y - /J.)/«(1/..jii) is appm:dmately 
stlllldard flormal. t, 

Thus. the theorem states the rem:trkable result that the distribu
tion of means will always be normally distrib\.lted regardless of fhe 
underlying distribution of the random variables ! It ulso yields the 

expected resull that given II sufficiently large sample, the mean of 
the means should converge on the tme population mean M-. 

Further, the theorem says that as tho 5nmplc sil,C gets larger. the 
variance of the means should approach zero. This makes sense, be
cause if 11 is small, our individual estimates of the mean should be 
poor and the vllrhmee of the means should be large. As n increases. 
Our estimates of the mean will improve and hence their spread 

should shrink. The Central Limit Theorem neatly defines exactly 
how this shrinkage relates to both the true variance and the sample 
size. that is. as (12/11• 

Finally, the theorem stales the imporhtnt result that we have 
given as Eq. (PT5.6). As is shown in this section, this result is the 
basis for constructing confidence intervals for the mean . 

should be I - a. Therefore, the statement can be made that 

< -Za/2 or 

with a probabi lity of a. 

Y - /A-
/ r.: > Zo" 

(f "\Ill 

The quant ity Zaj2 is n standard normal rnndom variable. This is the distance measured 
along the normalized axis above anll below the mean that encompasses I - a probability 
(Fig. PT5.3b). Values of '"/2 are tabulated in statistics books (for example. Milton and 
Arnold, 1995). They Can also be calculated using functions on software packages and 
libraries like Excel and IMSL. As an example, for Ct = 0.05 (in other words, defining an in
terval encompassing 95%), Z"/2 is equal to about l .96. This mcans that an interval around 
the mean of width ± 1 .96 limes the standard deviation will encompass approximately 95% 
of the distribution. 

These results can be rearranged lO yield 

L -:!:. /.L :5:. U  
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with a probability of 1 - Ct, where 

L - (J 
= y - -Za/2 In 

_ (J 
U ::= y + -lo/2 In 

Now, although the foregoing provides an estimate of L and U, it is based on k. 
of the true variance a. For our case, we know only the estimated variance $)". A 51 
ward alternative would be to develop a version of Eq. (PT5.6) based on $)" 

Even when we sample from a normal distribution, this fraction will nOl be 
distributed, particularly when /I is smaJl. j( was found by W. S. Gossett that It 
variable defined by Eq. (PT5.8) follows the so-called Student-t, or simply, I di 
For this case, 

_ s, L ::= y - r.; (a /2 .1I - 1 "II 
_ ,rr U = Y + r.: lft /2.ll - l 

"II 

where /11/2,11-1 is the standard random variable for the { distribution for a pro 
a12. As wus the case for '01/2. values nrc tabulated in statistics books and can , 
culated using software pac�ages and libraries. For example, if' Cl:' = 0.05 31 
10/2.11_1 == 2.086. 

The f distribution can be thought of a� a modification of the normal distri 
accounts for the fact that we have an imperfect estimate of the standard devia 
It is �mall, i t  tends to be tlatter than the normal (see Fig. P'T5.4). Therefore 

FIGURE PTS.4 

Comparison of the normal distribution with the I di5tributiofl for n = 3 and n = 6. Nc 
the I distribution is generolly nailer. 

Normal 

1(11 = 3) 

-3 -2 - 1  o 1 2 3 
Z or I 



PT5.2 MATHEMATICAL BACKGROUND 435 

numbers of measurements, it yields wider and hence more conservative confidence inter
vals. As 11 grows larger, the f distribution converges on the nocmal. 

r..=...WLE PT5 .2 Confidence Interval on the Mean 

Problem Statement. Determine the meun and the corresponding 95% confidence inlcl'

vul for lhe data from Table PT5 . 1 .  Perform three estimates based on (0) the first 8, (b) the 
first 16, and (c) al1 24 measurements. 

Solution. (lI) The mean and standard deviation for {he first 8 points is 

52.72 
Y = -8- = 6.59 $)' ::;:: 

347.48 1 4  - (52.72)'/8 
= 0.089921 

8 I ., 

The uppropriate f statistic call be calculated as 

10.05/2.8-1 = '0.025.7 = 2.364623 

which can be used to compute the interval 

OJ' 

0.089921 
L = 6.59 - v"8 2.364623 = 6.5148 

0.089921 
U = 6.59 + J8 2.364623 = 6.6652 

. 8 

6.5148 :5 J1. :5 6.6652 

FIGURE PT5.5 
Estimates of the mean and 95% confidence intervals for different numbers of sample size, 

I ' • • • n .  8 

• • • n .  16 
• • • /I • 24 

6.50 6.55 6.60 6.65 6.70 
Coefficient of thermal expansion (X 10.6 inIOn ' OF)] 
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Least-Squares Regression 
, o 

• 

Where substanti"ll error is associllted with data, polynomial interpolation is . 
lind Illay yield unsatisfactory resuhs when used to predict intermediutc vruues.. 
tal data is often of this type. For example, Fig. 17 . Ia  shows seven experimen 
data points eXhibiting significant variability. Visual inspection of the dmn 5U£
live relationship between y and x. That is, the overall trend indicates that hig 
are associated with higher values of x. Now, if a sixth"order interpolating pol� 
led to this data (Fig. 17 . 1  b), it will pass exactly through all of the points. HO\ .. 
of the variability in the data:ihe curve oscillate1; widely in the interval bet\\
In particular. the interpolated values at x = 1.5 and x = 6.5 appear to be wen 
range suggested by the data. 

A more appropriate strategy for such cases is to derive an approximating 
fits the shape or general trend of the data without necessarily matching the 
points. Figure 1 7 . 1 c:  illustrates how a straight line can be used to generally chan 
trend of the data without passing through any pm1icular point. 

One way to detcrmine the line in Fig. 1 7 . 1  c is to visually inspect the plOlu 
(hen sketch a "best" line through the points. Although sllch "eyeb<lll" appm 
commonsense appeal and are valid for "back-of-the-envelope" calculi.lIions. d 
ficient because rhey are arbitrary. That is. unless the points define a perfect 
(in which case, interpolation would be appropriate), different analysts would d 
ent lines. 

To remove this subjectivity. some criterion must be devised to establish a b 
fit. One way (0 do (his is 10 derive a curve that minimizes Ihe discrepancy bel\.\( 
points and the curve. A technique for accomplishing this objective. called leasl
gres.�i()lI. will be discussed in the present chapter. 

1 7. 1  LINEAR REGRESSION 

The simplest example of a least-squares approximation is fitting a struight lim 
paired observCllions: (x" )'1), (X2, Y2), . . . , (X'1' y,J. The mathematical expres� 
straight line is 

y = (10 + alx + e  



3nificont 
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where au and ({I are coefficients representing the intercept and the slope, respectively, anti 
e is the error, or residual, between the model and the observations, which can be repre· 
sent'cd by rearranging Eq. ( 17 . 1) as 

e = y - ao - (lIX 

Thus, the error, or residual, is the discrepancy betweell the true value of y <lnd the approx
imate value, ((0 + {lIX, predicted by the linear equation, 
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1 7. 1 . 1  Criteria for a IIBest" Fit 

One strategy for fitting a "best" line through the dala would be to minimil.e II' 
residual errors for all the available data, as in 

" " 

Lei = L(Yi - aO - atX;) ;=1 i=[ 
where 11 = total number of points. However, this is an inadequate criterion, as 
Fig. 17.2a which depic�s the fit of a straight line to two points. Obviously, the 

FIGURE 1 7.2 -, 
Examples of some criteria for "best fit" tnat ore inadequate for regress ion: {oj minim 
of the residuals, (b) minimizes the sum of the absolute values of the residuals, and (e 
the maximum error of ony individual poinl. 
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line connecting the points. However, any straight line passing through the midpoint of the 
connecting line (except u perfectly vel1ical line) resuhs in a minimum value of Eq. (17.2) 
equal to zero because the errors cancel. 

Therefore, another logical criterion might be to minimize the sum of the absolute val
ues of the discrepancies, as in 

II II 

L ie;! = L IYi - (/0 - alxi/ 
1=1 /"'\ 

Figure 17.2b demonstrates why this criterion is also inadequate. For the four points shown, 
any straight line fal ling within the dashed lines will minimize the slim of the absolute 
values. Thus, this criterion also does not yield a unique best fit. 

A third strategy for fitling a best line is the millimax criterion. In this. technique, the line 
is chosen that minimizes the maximum distance that an individual point raUs from the 

line. As depicted in Fig. 17.2c, this strategy is il l-suited for regression because it gives 
undue influence to an outlier, that is, a single point with a large en·or. It should be noted that 
the minimax principle is :-)ometimes well-suited for titling a simple function to a compli
cated function (Carnahan, Luther, and Wilkes, 1969). 

A strategy that overcomes the shortcomings of the aforementioned approaches is to 
minimize the sum of the squares of the residuals between the measured y and the y calcu
lated with the linear model 

/I /I " 
" 

Sr = L:: el = E (YI.mcfl�urcd - Y'·.r1IodCI)2 = L:: (YI - (10 - alxj)2 
;,.,1 I_I I_ I 

(17.3) 

This criterion has a number of advantages, including the fact that it yields a unique line for 
a given sel of data. Before discussing these properties, we will present a technique for de

termining the values of ao and at that minimize Eq. ( 1 7.3). 

1 7. 1 .2 Least-Squares Fit of a Straight Line 

To determine values for ao and ai, Eq. ( 1 7.3) is differentiated with respccl lO each coeffi
cient: 

as, 
L - = -2 (Yi - ao - (llXj) 

a"" 

as, L - = -2 I(y/ - ao - {lIX/)X;] 
aa, 

Note that we have simplified the summation symbols; unless otherwise indicated, all sum

mations are from i = I to II. Setting these derivatives equul lO zero will result in a minimum 
Sr. IF this is done, the equations can be expressed us 
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Now, realizing that Eao = 1100, we can express the equations as a set of two Si!l111 
linear equations with two unknowns (ao and (/\): 

n"o + (Lx;) 0, = LYI 
(LX;) 00 + (Lx?) ", = LXIYI 

These are called the 1/orma/ eqllations. They can be solved simultaneously 

/lEx;)'; - '£X; EYi 
a - " I - n'£x; - (Ex;)2 

This result can then be used in conjunction \y,ith Eq. (1 7.4) to solve for 

where ji and x are the means of y and x, respectively. 

EXAMPLE 1 7  1 Linear Regression 

Problem Statement, Fit a straight line to the x <md y values in the first two col 
Table 1 7 . \ .  ., 
Solution. The following quantities can be computed: 

n = 7 LXiYi = 1 19.5 L>l = 140 _ 28 LXI = 28 x = 7 = 4  

24 
Y = 7 = 3.428571 

Using Eqs. (1 7.6) and (17.7), 

7(1 19.5) - 28(24) 0, = 7(140) _ (28)2 = 0.8392857 
"0 = 3.428571 - 0.8392857(4) = 0.07142857 

TABLE 1 7. 1 Computations for an error analysis of the linear fit. 

XI YI (YI _ iii' (Yi - 00 - Q1Xi)2 
I 0 5  8.5765 0. 1 687 

2 2.5 0.8622 0.5625 
3 2.0 2.0408 0.3473 
4 4.0 0.3265 0.3265 
5 3.5 0.005 1 0.5896 
6 6.0 6.6 1 22 0.7972 
7 5.5 4. 2908 0. 1 993 E 24 0 22.7143 2 99 1 1 
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Therefore, the least-squares fit is 

y = 0.07142857 + 0.8392857-, 

The line, along with the data, is shown in Fig. 17. 1 c. 

1 7. 1 .3 Quantification of Error of Linear Regression 

Any line other than the one computed in Example 17 . 1  results in a larger sum or ille squares 
oflhe residuals. Thus, the line i� unique and in terms QI' our chosen criterion is a "best" line 
through the points. A number of additional pt'Opertie� of t�is fit can be elucidated by ex
amining more closely the way in which residuals were computed. RecaU that ,the sum of the 
squares is defined as [Eq. ( 1 7.3)] 

11 II 

Sf ;;;; L e; = L (Yi - ao - aIXi)2 1=1 1=1 

., 

(17.8) 

Notice the similarity between Eqs. (PT5.3) and ( 1 7.8), In the former case, the square 
of the residual represented the square of the discrepancy between the data fillet a single es� 
timate of the measure of central tendency-the mean. Ln Eq. (17.8), the square of the resicJ� 
ual represents the square of the vertical distance between the data and another measure of 
central tendency-the straight line (Fig. 17.3). 

The analogy can be extended further for cases wln::rc (1)  the spread of the points 
around the linc is of similar magnitude along the entire range of the data and (2) the distri· 
bution of these points about the line is normal. It can be demonstrated that if these criteria 
<Ire met, least-squares regression will provide the best (Ibat is, the most likely) estimates of 

an and (I I (Draper and Smith, 1981). This is called the maximum likelihood principle in 

FIGURE 1 7.3 
The residual in lineor regression represents the vertical distance between a data point and the 
stra ight line. 

y 

Measurement 
y, - - - - - - - -j 

Yi - tlo - (l1X; 

., 



446 

FIGURE ' 7.4 

LEAST-SQUARES REGRESSION 

statistics. Tn addition. if these criteria are met, a "standard deviation" for the regn 
can be determined as rcornparc with Eq. (PTS.2)] 

g .. s)'/x = -
,, - 2 

where srlx is called the stal/dard error of Ihe e�·li"ulle. The subscript notalion ": 
nates that the error is  for .. predicted value of )' cOITesponciing to a particular 
Also, notice that we now.'divide by " - 2 because two data-derived eslimilles-I 
were used 10 compute Sr; thus. we have lost two degrees of freedom. As with 
sion of the standard deviation in PTS.2. 1 ,  anoth�r justification for dividing by " 
there is no such thing as the "spread of d�Ja" around a straighl line connecting 
Thus. for the case where /I = 2, Eq. (1 7.9) yields a meaningless fe�;ult of infini' 

Just as was the case with the standard deviation, the standard elTor of I 
quantifies the spread of the data. However, .\')'fx quantifies the spread arollnd rhl 
line us shown in Fig. 17  Ai> in contrast to the original standard dev iation Sy Iha 
the spread amI/lid the II/e(lll (Fig. 1 7.4a). 

The nbove concept's can be used to quantify the "goodness" of our fit. Thi 
larly useful for comparison of several regressions (Fig. n.5). To do this, we J 
original data and determine the tOlal slim a/the sqlfares around the mean for Ih 
variable (in our case, y). As'Was the case for Eq. (PT5.3), this quantity is design 
is the magnitude of the residual error associated with the dependent variable 
gressiol1 . After performing the regression, we can compule Sr. the sum of the f>f 
residuals around the regression line. This characterizes the residual elTOI' that I 
the regression. Il is, therefore, sometimes caJled the unexplained sum of the 

Regression data showing (01 the spread of the dato around the mean of the dependent variable 
and (b) the spread of the dOlO around the best·fit line. The reducliOrt in the spread in going from 
(oj to (b), as indicated by the bell·shaped curves al the right, represents the improvement due to 
linear regression. 

(b) 
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y 

• 
x 

(b) 

FIGURE 1 7.5 
Examples of linear regression with (0) small and [bl large residual errors, 

dirrerence between the two quantities, 5, - S,., quantifies the improvement or error reduc
lion due to describing the data in terms of a straight line rather than as an average value. 
Because the magnitude of this quantity is scalc-dependent, the difference is nomu\lizcd to 
S, to yield 

" = .:::5,..,-,-'S,,-, 
S, ( 17. 10) 

where ,.2 is called the coefficielll of determi/ll/tioll and r is the correlation coefjiciellf 
(= #). For a perfect fit, 51' = 0 and r = ,1 = I ,  �ignifying that the line explaim; 100 per
cent of the variability of the data. For r = ,1 = 0, Sr = 51 and the fit repres!!nts no im
provement. An alternative formulation for r that is more convenient for computer imple· 
mentation is 

( 1 7. 1 1 )  
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I EX6MPLUZ.2 

LEAST-SQUARES REGRESSION 

Estimation of Errors for the linear Least-Squares Fit 

Problem Statement. Compute the IOIa1 standard deviation, the standard el 
mate, and the correlation coefficient for the datu in Example 17. 1 .  

Solution. The summations are performed and presented in Table 1 7 . 1. 
deviation is lEq. (PT5.2)) 

)22.7143 
s)' = = 1 .9457 7 - 1 

, 
and the standard error of Ih� estimate is rEq. (17.9)] 

(2:99iT s)'/_' = V � = 0.7735 ., 

Thus, because Sy/x < Sy. the linear regression model has merit. The extent a 
ment is quuntified by lEq. ( 1 7  . LO)J 

1"
= 

22.71 43 - 2.991 1  = 0.868 22.7143 
or 

I' = JO.868 = 0_932. 

These resliits indicate that 86.8 percent of the original ullcertainty has beer 
the linear model. 

Before proceeding to the computer program for linear regression, a wor 
in order. Although the correlation coefficient provides a handy measure'of g� 
you should be careful not to ascribe more meaning to it than is warranted. Ju 
"close" to 1 does not mean that rhe fit i s  necessarily "good." For example, i 
obtain a relatively high value of r when the underlying relationship betweer 
even linear. Draper and Smith (198 1 )  provide guidance and additional mat( 
assessment of results for linear regression. Tn addition, at the minimum, you 
inspect a plot of the data along with your regression curve. As described in th 
software packages include such a capability. 

1 7. 1 .4 Computer Program for Linear Regression 

It is a relatively trivial matter to develop a pseudocode for linear regression I 
mentioned above, a plotting option is criticarto the effective lise and inteq: 
gression. Such capi.�bilities are included in  popular packages like MATLAE 

Excel. If your computer language has plouing capabilities, we recommend th 
your program to include a plot of)' versus x, showing both the data and the n 
The inclusion of the capability will greatly enhance the utility of the progm 
solving contexts. 
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SUB Regress(x. y. n. aI,  aD, syx, r2) 

sumx - 0: sumxy = 0: st :. 0 
5umy = 0: sumx2 = 0: sr = 0 
IX!FOR 1 : 1.  n 

5(IInX - sumx + XI 
sumy - sumy + YI 
sumxy - sumxy + Xj*Yl 
sumx2 - sumx2 + X,*XI 

END IX! 
xm = sumxjn 
ym "" sumyln 
ill '" (nltsumxy - sumx'ltsumy)j(rrll:sumx2 - sumx*sumxJ 

FIGURE 1 7.6 

aD = ym - dl*xm 
IX!FOR i - 1 .  n 

st - st + (YI - ymf! 
sr - sr + (YI - al*xl - dO)2 

END DO 
syx _ (sr/(n - 2))°·5 
r2 = (st - sr)/st 

END Regress 

Algorithm for linear regression. 

<AMPLE 1 7.3 Linear Regressian Using Ihe Com puler 

• 
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Problem Statement. We can use software based on Fig. 17.6 (0 solve a hypothesis+ 
testing problem associated with the falling parachutist discussed in Chap. 1 .  A theoretical 
mathematical model for the velocity of the parachutist was given as the following 
IEq. ( 1 . 10)]: 

8'" u(t) = _ ( I  _ e(-c/JII)I) 
c 

where lJ = velocity (m/s), g = gravitational constant (9.8 mls2), m = mass of the paru
chutist equal to 68.1 kg, and c = drag coefficient of 12.5 kg/so The model predicts the ve
locity of the parachutist as a function of time, as described in Example 1 . 1 .  

An alternative empirical model for the velocity of the parachutist is give1l by 

v(/) = -8'" ( / ) c 3.75 + / (£17.3.1) 

Suppose that you would like to test and compare the adequacy of these two mathemat
ical models. This might be accomplished by measuring the actual velocity of the parachutist 
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TABLE 1 7.2 Meosured and calcu!ated velocities for the falling parachutist. 

Time, s 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0  
1 1  
1 2  1 3  
14  
15  

Measured v, 
mi' 
(0) 

10.00 
16.30 
23.00 
27.50 
3 100 
35.60 
39.00 
4 1 .50 
42.QQ 
45,00 
46.00 
45,50 
46.00 
49,00 
50,00 

Modol-colculated VI 
mi' [Eq. ( 1 .'OJ) 

(b) 
8953 

1 6.405 
22.607 
27.769 
32 .065 
35.641 
3 B 6 1 7  
41095 
4.3 . 1 56 
44.B72 
46.301 
47.490 
4B.479 
49.303 
49.9BB 

Model-colcu 
mIl [Eq. (E17 

« )  
1 1 .24':' 
1 B.57C 
23.720 
27.5x 
30.5QC 
32.B55 
34.700 
36.35 
37.68" 
3B B20 
39.Bl0 
40.67; 
41.113-
42. 1 10 
42,71::: 

al known values of time and comparing these rcsuhs with the predicted velocities a 
to each model. 

Such an experimental-data-collection program was implemented, and tJle 
listed in column (a) or Table 17.2. Computed velocities for each model are 
columns (b) and (c). 

Solution. The adequacy ofrhe models can be tested by plotting the model-calcul 
locity versus the measured velocity. Linear regression can be used to calcul<uc 
and the intercept orthe plOL This line will  have a slope of I ,  an intercept ofO, and an 
if the model matches the data perfectly. A significant deviation from these values 
used as an indication of the inadequacy of the model. 

Figure 17.7a and b are plots of the line and data for the regressions of columns 
(c), respectively. versus column (a). For the fust model lEq. ( 1 . 10) as depi 
Fig, 17,7al. 

Vmodlll = -0.859 + 1.032vmclISlIn! 
and for the second model [Eq. (E17 .3. 1) as depicted in Fig. 17.7hl. 

IImock] = 5.776 + O.752t1measun: 

These plots indicate that the linear regression between the data and each of the 
is highly significant Both models match the data w.ith a correlation coefficient of 
than 0.99. 

However, the model described by Eq. ( 1 . 10) conforms to OUf hypothesis leSt 
much bener than thai described by Eq. (E17.3.1) because the slope and intercept a!j 
nearly equal to I and O. Thus, although each plot is well described by a straigl 
Eq. ( 1 . 10) appears '0 be a beller model than Eq. (EI7,3.1). 
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(a) 

(b) 

fIGURE 1 7.7 

55 r-----------------�71 

Y 30 

5 ��LJ���-L-L-L� 5 30 55 
X 

55 ,---------------------, 

y 30 

30 
X 

55 
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(0) Results using linear regression to compare predictions computed with the theoretical model 
lEq. ( 1  , 1 0)] versus measured values. (b) Results using linear regression to compore predictions 
computed with the empirical model [Eq. (E 1 7 . 3 . 1 11 versus measured values . 

Model tes(ing and selection are comlllon and extremely important activities per
formed in all fields of engineering. The background material provided in this chapter, to
gether with your software, should allow yOll 10 address many practical problems of this 
type. 

There is one shortcoming with the analysis in Example 17.3. The example was unam
biguous because the empirical model lEq. (EI7.3.1)] was clearly inferior to Eq. ( 1 . 10). 
Thus, the slope and intercept for the former were so much closer to the desired result of 1 
and 0, that it was obvious which model was superior. 
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However, suppose thai the slope were 0.85 and the intercept were 2. Obvio 
would make the conclusion that the slope and intercept were 1 and 0 open \( 
Clearly, rather than relying on a subjective judgment, it would be preferable to ba 
conclusion on a quantitative criterion. 

This can be done by computing confidence intervals for the model paramett 
same way thm we developed confidence intervals for the mcan in Sec. PT5.2.3. \V 
tum to this topic at the end of this chapler. 

1 7. 1 .S Linearization ;i0f Nonlinear Relationships 

Linear regression provides a powerrul technique for fitting a bcsl linc to data. Ho 

is predicated on the faci that the relationship between the dependent and indepenc 
,lbJes is linear. This is not always the case,> and the first step in ,lilY regression 
should be to plot and vi sually inspect the data to ascertain whether a linear mode 
For example, Fig. 1 7.8 shows some data that is obviously curvilinear. In some C3! 
niques such as polynomial regression. which is described in Sec. 17.2, afC approp 
others, transformations can be used to express the data in u form Lhat is compm 
linear regression. 

FIGURE 1 7.8 
(a) Dolo thot is ill-suiled lor linear least-squares regression. (bl lndicalian thaI 0 porobolc 
preferable. 

y • • • •  • • • • 
• • • • • 

• 

x 

Ca) 

)' 

Cb) 
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One example is the exponemial model 
Y = (Xjefl,x 

453 

(17 . 12) 

where 0'1 and /31 are constants. This model is used in many fields of engineering to charnc
terize quantities that increase (positive f31) or decrease (negative {31) at a rate that is directly 
proportional to their own magnitude. For example, population growth or radioactive decay 
can exhibit such behavior. As depicted in Fig. 17,9(1, the equation represents a nonlinear re
lationship (for f31  =F 0) between y and x. 

Another example of a nonlinear model is the simple power equation 

y = a2.l;#J \. 
(17 . 13) 

. .  :: equal ion, fb) the power equotion, and Ie) the sotvrot ion-growth'fote 
-; eL and (� ore linearized versions of these equations that result 
':'motians. 

)' 

x 
0 (b) 0 0 0 
" " - -'0 '0 • • • • 0 0 
� � 

log y 

_Intercept ::: In al 
x 

Intercept = log ct'2 

(e) 

x 
(c) 

1/), 

log.l' 

(f) 

x 
y '" 1)'3;;--1-') + .1'  

0 0 
� • 
-'0 • • 0 ::; 

Intercept = 1!CfJ 

x 

1/.\, 
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where Cl2 and fh are constant coefficients. This model has wide applicability in all 
engineering. As depicted i n  Fig. 17 .9b. the equation (for fJz i- 0 or 1 )  is nonlinear 

A third example of a nonlinear model is the saturation-growth-rale equulio 
Eq. (E17.3.1)] 

x y ::; Ct3 -;;--;-�, + x 
where aJ <l11d f3] arc constant cocfficienl�. This model, which is particularly well-! 
characterizing population growth rate under limiting conditions. also represents 
ear relationship between y'and x (Fig. 17.9c) that levels off, or "saturates," as x i 

Nonlinear regression technIques arc available \0 fit these equations to expi 
daw directly. (Note that we will discuss noniinearrcgressioll in Sec. 17.5.) Howev 
pier ailcrnarive is to use mathematical manilm!ations to rrnnsform the equations i 
ear form. Then, simple linear regression can be employed to fit the equations to ( 

For example, Eq. ( 17. 12) can be linearized by taking its natural logarithm to 
In y = ln(X J  + fJlx lne  

But because In e = 1 ,  
ln y = Inal + /3lx 

Thus, a plot of In y versus.x wilt yield a straight line with a slope of fJl and an ir 
In a ,  (Fig. 1 7.9d). 

-

Equation (17. 1 3) is linearized by taking its base-IO logarithm to give 
log y = fJ2 log x + log (X2 

Thus, a plot of log y versus log x will yield a straight line with a slope of fJ2 an 
cepl of log a, (Fig. 17.ge). 

Equation ( 17 . 14) is linearized by inverting it to give 
I il, l I - = - - + -y 0'3 X (X3 

Thus, a plot of I /y versus I/x will be linear, with a slope of fhla.3 ami an interc 
(Fig. 17.9f). 

In their transformed fOfms, these models can lise linear regression to evalw 
Slant coefficients. They could then be transformed baek to their original Slate a 
predictive purposes. Example 17.4 illustrates this procedure for Eq. ( 1 7.13). J 
Sec. 20.1 provides an engineering example of the same sort of computation. 

linearization of a Power Equation 

Problem Statement. Fit Eq. (17. 13) to the datu in Table 17.3 using a 10garil 
formation of the dala. 
Solution. Figure 17.100 is a pial of the original data in its unlransfonne( 
ure 17.1 Db shows the plot of the transfotmed data. A linear regression of the log
data yields the result 

log Y = 1 .75 log x - 0.300 
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TABLE 1 7.3 Doto 10 be fi t 10 the power equation. 
x y log x log y 
1 0.5 0 -0 301 
2 1 .7 0.301 0.226 
3 3.4 0.477 0.534 
4 5.7 0.602 0.753 
5 8.4 0.699 0.922 

/. 

., 
FIGURE 1 7. 1 0  
/01 Plot of untronsformed dolo with the power equotion thot fils the dala. {bl Plol of transformed 
dota used to determine the coefficients of the power equalion. 

y 

5 

log y 

0.5 

5 
(a) 

x 

0.5 logx 

(b) 
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Thus, the intercept, log 0'2, equals -0.300, and therefore, by laking the antilogarithm 
10-0.3 = 0.5. The slope is /32 = 1 .75. Consequently, the power equation is 

, 7 -Y = O.5x . :') 

Tills curve, as plotted in Fig. 17  . IOa, indicates a good fit. 

1 7. 1 .6 General Comments on Linear Regression 
, 

Before proceeding to curvilinear and multiple linear reg ression, we must empha..q 
introductOlY nature of the foregoing material on linear regression. We have focused 
simple derivation and practical use of equations 10' fit data. You shOLlld be cogniz 
the fact that there are theoretical aspects or re�'

ression that are of practical imponan 
are beyond the scope of this book. For example, some statistical assumptions thru . 
herenl in the linear least-squares procedures arc 

1 .  Each x has a fixed value; it is not random and is known without error. 
2. The y values ure independent random variables and all have the same variance. 
3. The y values for a given x must be normally distributed. 

Such assumptions are relevant to the proper derivation and use of regression. F 
ample, the first assumption means that ( I )  the x values must be error-t'ree and (2) 1 
gression of y versus x is not the same as x versus y (t.ry Prob. 1 7.4 at the end of the ell 
You are urged to consult. other references such as Draper and Smith ( 1 9 8 1 )  to app 

aspects and nuances of regression that are beyond t.he scope of this book. 

1 7.2 POLYNOMIAL REGRESSION 

In Sec. 1 7 . 1 .  a procedure was developed to derive the equation of a straight liile U5I 
least-squares criterion. Some engineering data. although exhibiting a marked panm 
as seen in Fig. 17.8, is poorly represented by a straight line. For these cases, a curve 
be better suited to tit the data. As discussed in the previous section, One method to ..ll 
plish this objective is to lise transformations. Another alternative is to fit polynomia1� 
data using polYllomial regressioll. 

The least-squares procedure can be readily extended to fit the data to a highel 
polynomial. For example, suppose that we fit a second-order polynomial 0]" quadra. 

y ;:;; 00 + alX + il2.\"2 + e 

For this case the sum of the squares of the residuals is [compare with Eq. ( 1 7.3)] 

" 

Sr = L (Yi - C/o - C/lXi - a2x1)2 

i=1 

Following the procedure of the previous section, we take tbe derivative of Eq. (17.1' 
respect to each of the unknown coefficients of the polynomial. as in 
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as, " ' ( ') - = -2 L XI )Ii - flO - {lIXi - 1l2Xi aa, 

457 

These equations Call be sel equal to 7,;el'O and rearranged to develop the following sei Dl' nor
mlll equations: 

(11)"0 + (LXI) tI) + (Lxi) tI, = LYI 

(Lx,) "0 + (Lxi) ,,) + (Lxi) a, = LX�YI (17.19) 

(LX!) ao + (Lx?) 0, + (Lx!) a, = LX,'Y, 

where all summations are from i = 1 through 11. Note that the above three equations are lin
ear and have three unknowns: ao. al.  and {l2. The coefficients of the unknowns can be cal
culated directly from the observed datu. 

For Ihis case, we see that the problem of determining a least-squares second-order 
polynomial is equivilJent to solving a system of three simultaneous linear equations. Tech
niques to solve slich equations were discussed in Pari Three. 

The (wo-dimensional case can be easily extended to an mlh-order polynomial as 

Y = Go + (/1X + (l2x2 + . . . + amxln + e 

The foregoing analysis can be easily extended to Ihis more general case. Thus, we can rec
ognize that determ ining the coefficients of an mlh-order polynom ial is equivulent to solv
ing a system of III + I simultaneous linear equations . For this case, the standard error is 
formulated as 

Sy/x = 
s, 

(17.20) 
fI - (III + I) 

This quantity is divided by 11 - (III + 1) because (Ill + 1)  data-derived coefficients
(/0, (II. . • .  , am-were u.r.cd 10 compute Sr; thus, we have lo.r.t 11/ + I dcgrecs of freedom. In 
addition to the stundlll'd error, a coefficicnt of determination can also be computed for poly
nomial regression with Eq. ( 1 7 . 1 0). 

AMPLE 17.5 Polynomial Regression 

Problem Statement. Fit a second-order polynomial to the data in the lir.r.t two columns 
ofTable 17.4. 
Solution. From the given data, 

11/ = 2 

II = 6 

X =  2.5 

y = 25.433 

LXI = 15 

L Y' = 152.6 

" r' = 55 L.., . , 
Lxl = 225 

Lxi = 979 

LXI)'; = 585.6 

Lxl)', = 2488.8 
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TABLE 1 7.4 Computations for on error analysis of the quadratic least-squares fit. 
XI YI (YI - y)' 
0 2.1  544.44 
1 7.7 3 1 4.47 
2 1 3.6 140 03 
3 27.2 3 . 1 2  
4 40.9 239.22 
5 6 1 . 1  1 272 1 1  
, 152.6 25 1 3 .39 

, 
y 

., 

50 
least-squares 

parabola 

o 

FIGURE 1 7.1 1 
Fit of a second-order polynomial. 

Therefore, the simultaneous linear equations are 

[ 6 15 55 ] { ao }  { 152.6 }  15 55 225 a, = 585.6 
55 225 979 a, 2488.8 

(Yi - 00 - 01Jt'; - O'2x?) 
0.14332 
1 .00286 
1 .08 1 58 
0.80491 
0.61951 
0.09439 
374657 

5 x 

Solving these equations through a technique slIch as Gauss elimination gives ao 
(II = 2.35929, Clod ll'}. = 1 .8607 1. Therefore, the least-squares quadratic equal 
case is 

y = 2 .47857 + 2.35929x + 1 .86071,,' 
The standard error of the estimate based on the regression polynomial is [Eq. ( p.74657 Sy/x = 6 - 3  = 1 . 1 2 
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The coefficient of determination is 

,.' = 2513.39 - 3.74657 
= 9851 2513.39 

0.9 

and the correlation coefficient is r = 0.99925. 

4S9 

These results indicate lhal 99.85 1 percent of the original uncertainlY has been ex
plained by the model. This result supports the conclusion that the quadratic equation rep
resents an excellent fit. as is also evident from Fig. 17 . 1 1 .  

'. 

1 7.2.1 Algorithm for Polynomial Regression 

An algorithm for polynomial regression is delineated in Fig. 17. 12. Note that the primary 
task is the generation of the coefficients of the normal equations [Eq. (17. 19)]. (Pseudocode 
for accomplishing this is presenl'ed in Fig. 17 . 13.) Then, techniques from Part Three can be 
applied to solve these simultaneous equations for the coefficients. 

A potential problem associated with implemenling polynomial regression on the 
computer is that the normal equations are sometimes ill-conditioned. This is particularly 
true for higher-order versions. For these cases, the computed coefficients may be highly 
susceptible to round-off error, and consequently, the results can be inaccurate. Among 
other things, this problem is related to the structure of the normal equations and to the 
fact that for higher-order polynomials the normal equations can have very large and very 
small coefficients. This is because the coefficients are summations of the data raised to 
powers. 

Although the strategies for mitigating round-off error discussed in Part Three, such as 
pivoting, can help to partially remedy this problem, a simpler alternative is to use a COlll

puter with higher precision. Fortunately, most practical problems are limited to lower-order 
polynomials for which round-off is usually negligible. In situations where higher-order 
versions are required, other alternatives are available for celtain Iypes of data. However, 
these techniques (such as onhogonal polynomials) are beyond the scope of this book. The 
reader should consult texts on regression, such as Draper and Smith ( 1 98 1 ), for additional 
information regarding the problem and possible alternatives. 

FIGURE 1 7. 1 2  
Algorithm lor implementation of polynomial ond multiple linear regression. 

Step 1 :  Input order 01 polynomial to be fit, m. 
Step 2: Input number 01 data points, n. 
Step 3: II n < m + 1 ,  print out on error messoge thai regression is impossible and lermlnole Ihe 

proce�. II n � m + 1 ,  continue. 
Step 4: Compute the elements of the normal equolion In Ihe 101m of on augmented matrix. 
Step 5:  Solve the augmented matrix for the coefficients ao, 01, 02, . . . , 0",. using on elimination 

method. 
Step 6: Print out the coefficients. 
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FIGURE 1 7. 1 3  
Pseudocode to assemble the 
elements of the normal 
equations for po�nomiol 
regression. 

LEAST· SQUARES REGRESSION 

OOFOR i = 1,  order + 1 

DOFOR j � 1.  ; 
k = i + j - 2  
sum '" 0 

DOFOR , - 1. n 
sum - sum -t. x1 

END DO 
ar.} - sum 

0J. I = sum 

EI/D DO 

sum = a 
OOFOR t. "" 1 .  n 

sum '" sum + Yt . x}-I 
END DO 
D'.ordi.'f'+2 - sum 

END DO 
., 

1 7.3 MULTIPLE LINEAR REGRESSION 

FIGURE 1 7. 1 4  
Graphical depiction 01 mulliple 
linear regression where y is a 
li near function of XI and X2. 

A useful clttension of linear regression is the case where y is a line"f funclio 
more independent variables.,For example, )' might be a linear function of XI a 

y = ao + o ,-"I + a2x2 + e  

Such an equfllion is particularly useful when fitting experimental data where 1 
being studied is oflen a function of two other variables. For this two-dimensior 
regression "line" becomes a "plane" (Fig. 1 7 . 1 4). 

y 
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As with the previous cases, the "best" values of the coefficients are determined by set
ling up the Slim of the squares of the residuals, 

" 

Sr = L: (Yi - ao - atXl1 - Q2X'U)2 
i.l 

and differentiating with respect to each of the unknown coefficients, 
as, 

" -;- = -2 � (Yi - lIo - (1IX1; - 02.\"2/) 
"aU 
&s, " - = -2 � Xll (Yi - ao - a/Xli - (/2X2,) Dal 
as, " - = -2 � X21 (:Vi - llO - alxl! - Cl2XU) iJ1I2 

(17.21) 

The coefficients yielding the minimum sum of the squares of the residuuls are obtained by 
setting the partial derivatives equal to zero and expressing the result in matrix form as 

AMPLE 1 7.6 Multiple linear Regression 

( 1 7.22) 

Problem Statement. The following data was calculated from the equation y = 5 + 4Xl -
3X2: 

X, x, y 
0 0 5 
2 1 1 0  
2.5 2 9 
I 3 0 4 6 3 
7 2 27 

Use multiple linear regression to fit this data. 
Solution. The summations required to develop Sq. (1 7.22) .ire computed in Table 17.5. 
The result is 

[ 1 �.5 
14 

1 6.5 14
] 
{ ao }  

{
54

} 76.25 48 (I I = 243.5 
48 54 a, 100 

which Can be solved using a method such as Gauss elimination fol' 

ao = 5 
which is consistent with the original equation from which the data was derived. 
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TABLE 1 7.S Computations required to develop the normal equations for Example 1- � 
y x, x, xl xl )(1)(2 x,y 
5 0 0 0 0 0 0 

10 2 I 4 I 2 20 
9 2.5 2 6.25 4 5 22 5 
0 I 3 I 9 3 0 
3 4 6 1 6  36 24 1 2  

27 7 2 49 4 14 189 
54 16.5 1 4  76.25 54 48 243 5 

, • 

The foregoing two-dimensional case cim t)e easily extended to III dimensiOP< 

Y = (/0 + alxl + alx2 + . . .  + omxw + e  
where the standard error is fonnulnled as 

SJ'lx : Y /I - (m + 1)  

and the coefficient of determination is computed as in Eq. (17.10). An algorithm 
the norlllal equations is listed in Fig. 17.15. 

Although there may be certain cases where a variable is linearly related to rn'O ... 
other variables. multiple linear regression has additional utility in the derivation (1,

equations of the general form 

FIGURE 1 7. 1 5  
Pseudocooe to assemble the elements of the normal equations for multiple regression. 
aside from storing the independent voriables in XI,;, x2,i, etc" l 's must be stored in XQ, � 
algorithm to work. 

OOFOR j = 1.  order + 1 
ooFOR j - 1 . i 

sum - 0 
ooFOR I = 1 .  n 

sum ;; sum + Xf_J.( . xj-u 
ENO 00 

d!,j = sum 

dj.! = slim 

ENO IX) 
sum "" 0 
ooFOR t - 1 . n 

sum "" sum + Yt · XH.t 
ENO 00 
Ot,0fY11>t't2 = slim 

END 00 

-
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Such equations are extremely useful when filting experimental data. To use multiple linear 
regression, the equation is transformed by laking its logarithm 10 yield 

log y = log (10 + ClI log Xl + (/2 log Xl + . . . + (1m log XIII 

This transformation is similar in spirit to the one used in Sec. 17 . 1 .5 and Example 17.4 
to fil a power equation when y was a function of a single variable x. Section 20.4 provides 
an example of such an applicalion for two independent variables. 

1 7.4 GENERAL LINEAR LEAST SQUARES 

To this point, we have focused on the mechanics of obtail1ing least�squares fits of' some 
simple functions to data. Before rurning 10 nonlinear regression, there are J;everal issues 
that we would like to discuss 10 enrich your understanding of the preceding material. 

1 7.4. 1 General Matrix Formulation for Linear Least Squares 

1n the preceding pages. we have introduced Ihree types of regression: simple linear, poly
nomial, and muhiplc linear. In facl, all three belong 10 the following genernl linear least
squares model: 

( 1 1.23) 
where zo, Zit . . .  , Zm are m + 1 basis functions. It can easily be seen how simple and multi
ple linear regression fall within this model-thaI is, Zo = 'i ,  Zt = XI> l2 = .1.'2 • • . .  , Z", = Xm' 
Further. polynomial regression is also included it" the basis functions are simple monomials 
as in Zo = XJ = I ,  Z t = X. Z2 = xl, . . . , l/ll = ;ell, 

Note that the terminology "linear" refers only LO the model's dependence on its 
parameters-that is. the a's. As in the case of polynomial regression, the functions them
selves can be highly nonlinear. For example, the z's can be sinusoids, as in 

y = ao + aJ cos(wt) + a2 sin(wl) 

Such a formal is the basis of Fourier analysis described in Chap. 19. 
On the olher hand, a simple-looking model like 

I(x) = ao(1 - e-''') 

is truly nonlinear because it cannot be nUinipulated into the format of Eq. ( 1 7.23), We will 
tum to such models al the end of lhis chapter. 

For the lime being, Eq. ( 17.23) can be expressed in matrix notation as 

IY) = [Z]{A) + IE) ( 11.24) 
where [2J is a matrix of the calculated values of the basis fUJlctions at the measured values 

of lhe independent variables, 
. 

IZ) = 

ZOt Z I I  Zml 

Z02 2:12 ZIII2 

ZO/I 2:1/1 ZI/I/I 
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where 11/ is  the number of variable� in the model and II is the number of dala poi 
cause 1/ :!. III + I ,  you should recognize that most of the time, rZ] is not a sqUaR: 

The column vector {Y }  contains the observed values of the dependent variab 

ly!'r � l)'I )'2 )'" J 

The column vector fA I contains the unknown coefficients 

{A}T = Lao (II am J 
and the column vector { E )  contains the residuals 

{E}T = Le ]  e2 . . . • eIl J 
As was done throughout this chapler, the .sum of the squares of the residu 

model can be defined as 
. 

" ( '" )' 
Sr = I: Yi -La}l}i 1=[ 1=0 

. , 
This quamity can be minimized by taking its partial derivative with respect to e 
coefficients and setting the resuhing equation equal to zero. The outcome of this p. 
the normal equations that can be expressed concisely in matrix form as 

[rZ)'[Zl] {A) � ([z)'{Y)1 
Tt can be shown thal Eq. ( 1 7.25) is, in fact, equivalent to the normal equmions 
previously for simple linear, polynomial, and multiple linear regression. 

Our primary motivation for the foregoing has been LO illustmte the unity at 
three approaches and to show how they cun all be expressed simply in the same rq 
tmion. It also sets the swge for the next section where we will gain some insighu 
preferred strategies for solving Eq. (1 7.25). The matrix nOlalion will also have 1\ 
when we turn to nonlinear regression in lhe last section of this chapter. 

1 7.4,2 Solution Techniques 

In previous discussions in this chapter, we have glossed over the issue of the spt 
merical techniques to solve the normal equutions. Now that we have established 
among the various models, we can explore this question in more detail. 

First, it should be clear that Gauss-Seidel cannot be employed because tb: 
equations are not diagonally dominant. We are thus left with the elimination med 
the present purposes, we can divide these techniques into three cHLt:gories: ( I )  Ll 
position methods including Gauss elimination, (2) Cholesky's method, and (1 
inversion approaches. There are obviously overlaps involved in this breakdowq 
ample, Cholesky's method is, in fuct, an LV decomposition, and all the approac� 
formulated so that they can generate the matrix 

'
inverse. However, this break� 

merit in that each category offers benefits regarding the solution of the normal e 

LU Decomposition. [f you are merely interested in applying a least-squares fit fa 
where the appropriate model is known a priori, any of the LV decomposition a� 
described in Chap. 9 is perfectly acceptable. Tn fact. the non·LV·decomposition fOl 
of Gauss elimination can also be employed. h is a relatively straightforward prog 
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task to incorporate any of these into an algorithm for linear least squares. In fact, if a modu
lar approach has been followed, it is almost trivial. 

Cholesky's Method. Cholesky's decomposition algorithm has several advantages with 
regard to the solution of the general linear regression problem. First. it is expressly 
designed for solving symmetric matrices like the normal equations. Thus, it is fast and 
requires less storage space to solve such systems. Second, it is ideally suited for cases 
where the order of the model [that is, the value of III in Eq. ( 17.23)] is not known before
hand (see Ralston and Rabinowi tz, 1978). A case in point would be polynomial regression. 
For this case, we might not know a priori whether a 1intWr, quadratic, cubic, or higher-order 
polynomial is the "best" model to describe our data. Becaus� of the way in whieh both the 
normal equlltions nrc constructed and the Cholesky algorithm proceeds (Fig. 1. 1 .3), we can 
develop successively higher-order models in an extremely efficienl ma.Qner. At each step 
we could eXllmine the residual sum of the squares error (and a plot !) to examine whether 

the inclusion of h igher-order terms Significantly improves the fit. 
The analogous situation for multiple linear regression occurs when independent vari

ables are added to the model one at a time. Suppose that the dependent variable of interest 
is a function of a number of independent variables, say, temperature, moisture content, 
pressure, etc. We could first perform a linear regression with temperature and compute a 
residual error. Next, we could include moisture content by performing a two-variable mul
tiple regression and see whether the additional variable results in an improved fit. 
Cholesky's method makes this process efficient because the decomposition of the linear 
model would merely be supplemented to incorporate a new variable. 

Matrix Inverse Approaches. From Eq. (PT3.6). recall that the matrix inverse can be 
employed 10 solve Eq. (17.25), as i n  

(17.26) 

Each of the elimination methods can be used 10 determine the inverse and, thus, can be 
used 10 implement Eq. (17.26). However, as we have learned in Part Three, this is  an inef
ficient approuch for solving a set of simultaneous equations. Thus, if we were merely in
tereSited in solving for the regression coefficients, it is preferable to employ an LU decom

pOSition approach without inversion. However. from a statistical perspective. there are a 
number of reason!) why we might be interested in obtaining the inverse and examining its 
coefficients. TheSie reasons will be discussed next. 

1 7.4.3 S'a'i.'ieal A'peel> of Lea.,·Squares Theory 

In Sec. PTS.2.1.  we reviewed a number of descriptive statistics that can be used to describe 
a sample. These included the arithmetic mean, the standard deviation, and the variance. 

Aside from yielding a solution for the regression coefficients, the matrix formulation 
of Eq. ( 1 7.26) provides estimates of their statistics. It can be shown (Draper and Smith, 
1981) that the diagonal and off-diagonal lermSi of the matrix {(Z]T [Z]]-: I give, re
spectively. the variances and the covariancesl of the a's. If the diagonal elements of 

lThe covariance is II �Ul1iSlic thllt measures the dependency of one variabte on another. Thus. cov(.t. y) indicates 

the dependcncy of x and y. For example. cov(x. y) = 0 would indicate that x and y are totully independent. 
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[[Z]T[Z]]- I nrc designaled as z;/ , 

and 

( ) - " var UI_I = z/,I srI .. 

( ) - ,  2 coy a;_ I , u)_1 = 1./,)$y/ .. 

These statistics have a number of important applications. For our present 
will illustrate how they can be used to develop confidence intervals for the i 
slope. , 

Using .\11 approach similar to that in Sec. PTS.2.3, it can be shown that lower 
bounds on the intercept can be formulated as (see Milton and Arnold, 1995. to.: 

L = 00 - t(l/l,1I-2 5(ao) 

where s(aj) = the standard error of coefficient OJ = jvar({/j) ' Tn a similar m 
and upper bounds on the slope can be fonnulated as 

L = (/[ - (0//2.11-2 s(al) 
The following example illustrates how these intervals can be used to make quan 
ferences related to linear regression. 

EXA PlE 1 7.7 Confidence Inlervols for lineQr Regression 

Problem Statement. 10 Example 17.3, we used regression to develop the fall 
tionship between measurements and model predictions: 

)' = -0.859 + 1 .032x 

where y = the model predictions and x = the measurements. We concluded that til 
good agreement between the two because the intercept was approximalely equal to 
slope approximlliely equal to 1 .  Recompute the regression but use the matrix ilPProi 
timnte standard errors fOl' the parameter!'.. 'Then emp\o'j these errors \0 develop 
intervals, and use these to make a probabilistic stalement regarding the goodness 

Solution. The data can be wriuen in matrix. format for simple linear regressi 

(ZI = 

1 0  
16.3 
23 

50 

{YI = 

8.953 
16.405 
22.607 

49.988 

Matrix transposition and mulLiplication can then be used to generate the nonnal eq 

{AJ = { lZ]T {Y J  I [ 1 5  548.3 ] (aol ( 552.741 I 548.3 22191.21 a, - 22421.43 
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Matrix inversion can be used to obtain the slope and intercept as 

( A )  = 
_ [ 0.688414 
- -0.01701 

-0.01701 ] [ 552.741 ) [-0.85872) 
0.000465 2242 1 .43 = 1.03 1592 

467 

Thus, the intercept and the slope are determined liS ao = -0.85872 and (/1 = 1 .031592, re· 
spectively. These values in turn can be used to compute the standard error of the estimate 
as Sy/x = 0,863403. This value can be used aiong with the diagonal elements of the matrix 
inverse to calculate the standard errors of the coeftici!nL�, 

s(ao) = ZI" S;" = /0.688414(0.863403)' = 0.716372 

s«,,) = '2" S;" = /0.000465(0.863403)' = 0.018625 
., 

The statistic, ta/2.II_l needed for a 95% confidence interval with n - 2 = 15 - 2 = 13 
degrees of freedom can be determined from a statistics table or using software. We used an 
Excel function, TINY, to come up with the proper value. as in 

= T[NV(0.05, 13) 

which yielded a value of 2.160368. Equations (1 7.29) and !17.30) can then be used to com· 
pute the confidence intervals as 

"0 = -0.85872 ± 2.1 60368(0.716372) 
= -0.85872 ± 1 .547627 = [-2.40634, 0.688912J 

a, = 1.03 1592 ± 2. 160368(0.01 8625) 
= 1 .031592 ± 0.040237 = [0.991355, 1.071 828J 

Notice that the desired values (0 for intercept and slope and I for the intercept) fall 
within the intervals. On the basis of this analysis we could make the following statement 
regarding the slope: We have strong grounds for believing that the slope of the true regres· 
sian line lies within the interval from 0.991355 to 1 .071828. Because I falls within this 
interval, we also have strong grounds for believing that lhe result supports the agreement 
between the measurements and the model. Because zero falls within the intercept interval, 
a similar statement can be made regarding the intercept. 

The foregoing is a limited introduction to the rich topic of statistical inference and its 
relationship 10 regression. There are many subJelies that are beyond the scope bf this book. 
Our primary motivation has been to illustrate the power of the matrix approach to general 
linear least squares. YOll should consult some of tile excellent books on the subject (for ex· 
ample, Draper and Smith 1981)  for additional information. In addition, it should be noted 
that software packages and libraries can generate least-squares regression fits along with 
information relevant 10 inferential statistics. We will explore some of these capabilities 
when we describe these pnckages at the end or ehap. 19. 
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1 7.5 NONLINEAR REGRESSION 

There are many cases in engineering where nonlinear models must be fit to w 
present conlext. these models are defined as those that have a nonlinear deper 
their parameters. For example, 

f(x) = Go(l - e-(I,X) + e 
Thi.s equation cannot be manipulated so that it conforms to the general form of Ei 

As with linear least squares, nonlinear regression is based on determining 1 
of the parameters that mi\1imize the sum of the squares of the residuals. Howe" 
nonlinear case, the solution mU{i1 proceed in an itemtive fashion. 

The Gauss·Newlon me/hod is one algorithm, for minimizing the sum of the t 
the residuals between data and nonlinear e,quations. The key concept underlyin! 
nique is thaI a Taylor senes expansion is used to express the OIiginal nonlinear e 
an approximate, linear form. Then, least-squares theory can be used to obtain 
males of the parameters that move in the direction of minimizing the residual. 

To illustrate how this is done, lirst the relationship between the nonlinear eql 
the data can be expressed generally as 

YI = f(xj; ao , a l , · · · , am) + ej 

where YI = a measured value of the dependent variable,J(xl; ao, a J , . . . •  all/) = th 
that is a function of the independent variable Xi and a nonlinear function of the I 
ao. ai, . . .  , Om. and ej ::::; a random error. For convenience. this model can be ex 
abbreviated form by omilt'ing the parameters, 

Yi = I(xi) + ej 

The nonlinear model can be expanded in a Taylor series around the paraml 
and cUltailcd after the first derivative. For example. for a two-parameter cuse, 

a/(x,lj a/(x,lj 
/(x,l}-t, = /(x,lj + ,  "ao + ,  "a, v Go Val 

whcrej ::::; the initial gUC..'lS.j + 1 = the prediction. 6.ao = (lOj+1 - aOJ, and 6.0. 
a],). Thus, we have linearized the original model with respect to the parametcn 
(17.33) can be substituted into Eq. (17.32) to yield 

a/(x,lj a/(x,lj 
)'i - I(x;)j = 6.ao + 6.al + e; 

Jan Jal 
01' in ma£rix form [compare with Eq. (17.24)], 

(O) = [Zj] (M) + (E) 
where [ZjJ is the matrix of partial derivatives of the function evalm'lled at the ini 

a/daao a/llaa , 
ahlaao 8hlaa, 

{Zj] = 

a/,Iaao af,,/aol 

- 'J 
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where 11 = the number of data pOinl"i and 8/;/fJa" = the partial derivative of the function 
with respect to the kth parameter evaluated at the ith data point. The vector {DJ contains 
the differences between the measurements and the fUllction values, 

(D) = 

y, - lex,) 
)" - fIx,) 

y" - /(x,,) 

and the vector It:J.A I contains the changes in the pammeter V'ahlcs. 

t:J.ao 
6.C/1 

(M) = 

Applying linear leasl�sqllares theory to Eq. ( 1 7.34) resuils in the following normal equa
tions [recall Eq. ( 17.25)]: 

[[Zj]"[Zjl] (M) = (!ZjJ'(DI) ( 1 7.35) 

Thus, the approach consists of solving Eq. ( 17.35) for {6.A}. which can be employed to 
compute improved values for the parameters, as in 

QO.j+1 = lIo.) + 6.00 

and 

al.j+1 = al.l + .6.al 

This procedure is repealed until the solution converges-that is, until 

lealk = l ak,}+1 - ak,} 1 1 00% 
Ok.}+ 1 

falls below an acceptable stopping criterion . 

.AMPLE 1 7.9 Go uss-Newton Method 

Problem Statement. Fit the function I(x; Qo. ill) = lIo( 1  - e-ll l"') to the data: 

• 0.25 O.� 1 .25 I .� 2 �  

y 0.28 0.57 0.68 0]4 0 79 

( 1 7.36) 

Use initial guesses of 00 = 1,0 and (/1 = 1 ,0 for the parameters, Note that for these guesses, 
the initial sum of the squures of the residuals is 0.0248. 

Solution. The partial derivntives of the function with respect to the parameters are 

af = 1 _ e-al.l' 
OliO 

lEI7.9. 1 )  
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nnd 
af -u x 

- = Cloxe I 
8al 

Equations (EI 7.9. 1 )  and (E17.9.2) cnn be used to evaluate the matrix 
0.2212 0 . 1947 
0.5276 0.3543 

[Zol = 0.7135 0.3581 
0.8262 0 30� 
0.8946 0.23 

lllis matrix multiplied by ils transpose results in 

rZ 1"[Z 1 = [ 2.3 193 0.9489 ] o 0 0.9489 0.4404 
which in turn can be inverted lO yield 

[[Z IT[Z 1]-' = [ 3.6397 -7.842 1 ]  
o 0 -7.8421 19 . 1678 

The vector {D} consists of the differences between the measurements nnd the 
dictions, 

ID} = 
0.28 - 0.22 1 2  
0.57 - 0.5276 
0.68 - 0.7135 
0.74 - 0.8262 
0.79 - 0.8946 

0.0588 
0.0424 

_ -0.0335 
-0.0862 
-0. 1046 

It is multiplied by [lof to give 

[Zol' ID} = [ -0.1533] 
-0.0365 

Tile vector I �A } is then calculated by solving Eq. ( 1 7.35) for 
C>A = / -0.27 1 4 ) 

0.5019 
which can be added to the initial parnrneter guesses to yield 

lao) = 1 1 .0) + / -0.27 14 ) = 1°.7286) 
0 ,  \ .0 0.5019 1 .501 9  

Thus, the improved estimates oflhe parameters are ao = 0.7286 and GI = 1.5019. 
parameters result in a sum of the squares of the residuals equal to 0.0242. Equation 
can be used to compute EO and EJ equal to 37 and 33 percent, respectively. The com 
would then be repeated until these values fel l  below the prescribed stopping crite • 
final result is (10 = 0.791 86 and (II = 1 .675 1 .  These coefficients give a sum of the 
the residuals of 0.000662. 
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A potential problem with the Gauss-NewLon method as developed to this point is that 
the partial derivatives of the function may be difficult to evaluate. Consequently, many 
computer programs use difference equations to approximate the partial derivalives. One 
method is 

8J; :::: !(x/; lIo. · · · . (//c + !Jat, . . . •  a,,,) - !(xj ; ao • . . .  , a/c . . . . .  a"') 

8ak - Dllk 

where 8 = a small fractional perturbation. 
The Gauss-Newlon method has a number of olher�ossible shortcomings: 

I.  I t  may converge slowly. 
2. It may oscillate widely, that is, continually change directions. 
3. It may not converge at alL • 

( 1 7.37) 

Modifications of the method (Booth and Peterson, 1958; Hartley, 1961) have been devel
oped lo remedy the shortcomings. 

In addition, although there are several approaches expressly designed ror regression, a 
more general approach is to use nonline,lr optimizat ion rOlltines as described i n  Part Four. 
To do this, a guess ror the parameters is made, and the sum of the squares of the residuals 
is computed. FOI" example, for Eq. (17.3 1) it would be computed as 

, 
S, = L [Yi - (/0(1 - e-a,x1)f 

i_I 
(17.38) 

Then, the parameters would be�adjUsted systematically to minimiz.e S, using search tech· 
niques or the type described p viousl)' in Chap. 14. We will illustrute how this is done 
when we describe software applic tiQrl�e end or Chap. 19 .  

9.4 1 0.0 

1 1 .3 9.4 
10.4 9.8 

8.8 10.6 

10.2 8.9 

� mean. (b) the sllllldnrd devintion. (c) the vari· 
'ficient of variation, and (e) the 95% confidence 
!an. 

Determine (a) the mean, (b) the standard deviation, (c) the vari· 
,lnce, (d) the coefficient of variatioll, and (e) the 90% confidence 
interval for the mean. (f) Construct a histogram. Use a range from 
26 to 32 with increments of 0.5. (g) Assuming that the distribution 
is normal and that your estimate of the slnndurd deviation is valid, 
compute the range (that is, the lower and the upper value.. .. ) that en· 
compasses 68% of the readings. Determine whether this is a valid 
estimate for Ihe data in this problem. 
17.4 Use lema.squares regression to fit a straight line .10 

histogram from Ihe data from Prob. 17.1. Use a 
1 1 .5 with intervals of 0.5. 

ua 

26.65 

27.85 

28.65 

28.65 

27.65 

27.05 

28.45 

27.65 

27.35 

28.25 

3 1 .65 

28.55 

28.35 

28.85 

26.35 

27.65 

26.85 

26.75 

27.75 

27.25 

2 4 6 9 1 1  1 2  1 5  1 7  1 9  

6 7 6 9 B 7 1 0  1 2  1 2  

Along wilh the slope and intercept. compute the standard error of 
the estimate and the correlation coefficient. Plot the data and the 
regression line. Then repeat the problem, but regress x versus y-
that is, switch the variables. Interpret your results. 
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17.5 Use lea5t-�quares regres!;ion 10 fit a straight line to Piol the data and the equation 011 both sl<lndard and semi-I _ 
gmph paper. 

x 6 7 1 1  1 5  1 7  2 1  23 2Q 29 37 39 17.11  Rathcr thun using the buse-e exponcmial model(fq. 

y 29 2 \  29 1 4 2 1  1 5  7 7 1 3  0 3 a common alternative is 10 use a basc- 1 0  model, 

Along wilh the slope and the intercept, compute the standard error 
of the estimate and the correlation coefficient. Plot the duta [Illd 
the regression 1ine. If someone made an additional measurement of 
x = 10, Y = 10, wou ld you suspect, based on u visual assessment 
lind the standard error, that the measurement was valid or faulty? 
JuStify your condusion. 
17.6 Using the same approach as was employed to derive Eqs. 
(17.15) and ( 1 7 . 1 6), derive the least-squares fit of tlle following 
lllodel: 

y = alx + e  
That is, detennine the slope {hat results in the least-squares (it for a 
�traight line with a zero in tercept. Fit the following data with this 
model and display the re�ull graphicnlly: 

x I 2 4 6 7 1 0  1 1 1 4  1 7  20 

2 5 2 8 7 6 9 1 2  Y 1 

17.7 Usc least-squares regression to fit a straighl li nc 10 

x I 2 3 4 5 6 7 8 9 

Y 1 .5 2 3 4 5 8 1 0 1 3  

(a) Along with the slope and intercept, compute the standard error 
of the estimate and the correlation coeffh;icnt. Plot the data and 
the straight line. Asse!is the tit. 

(b) Recompute (a), but use polynomia l regression to fit a parabola 
to the data. Compare the results with those of (a). 

17.8 Fit the following data with (a) a satur:ltion-gl'owth-ralc 
model, (b) a power equation, and (c) a parabola. In each case, plot 
the data and the equation. 

x I 0.75 2 3 4 6 8 8.5 

1 .95 2 2 4  2 .4 2.7 2.6 

17.9 Fit the following data with thc power model (y = axb). Use 
the resulti ng power equntioJl lo predict y at x = 9: 
x 2.5 3.5 5 6 7.5 1 0  1 2.5 15 1 7.5 20 

y 1 3  1 1 8.5 8 . 2  7 6.2 5.2 4.8 4 6  4.3 

17.10 Fit nn exponential model to 

x I �� 0.8 1 .2 1 .6 2 2.3 

Y 975 1 500 1 950 2900 3600 

When used for curve fitting, this equation yields identical 
the base-a version, but the value of the exponent paJ':UD51: 

will diffcr from that estimated with Eq.17 .22 (fJL)' Use tlr , 
:rersion to solve Prob. 1 7. 10. In nddilion, develop n fo 

relate PI to {Js. 
17.12 -Beyond the e)::aml)1c� in fig. 17.10, there are other '11 
Ihm COil be linearized lIsing transformations. For exnmple. 

Linearizc this model and usc il to estimate 0:4 and IJ� baso;,;. 
following dmn. Develop a plot of yom fit along with me 
x 0. 1 0.2 0.4 0.6 0.9 1 . 3  1 .5 I ' 
y 0.75 1 .25 1 .45 1 . 25 0.85 0.55 0.35 

17.13 An investigator has reported the dnta tabulated bek,.' 
exp«::[imenl to determine the growth rate of bncteria k (pa 
function of oxygen concentralion c (mglL). It is known 
dma can be modeled by the following equation: 

k _ kn1�XC2 -
C.! + c2 

where C.T and k'l1ax are purallleters. Use a transfonmltion tD 
this equation. Then lise linear regression to estimate Cs a.nd ':II 

predict the growth rate at c = 2 mglL. 

, I 0.5 0.8 1 .5 2.5 4 

( I I 2 4  5 3 7.6 8 9  

17.14 Given the data 

, I 5 1 0  1 5 20 25 30 35 40 

24 3 1 3 3  3 7  37 40 40 Y 1 7  

usc least-squares regression to tit (a) a straight line. (bl J. equation. (c) a �nluralion-growlh-rate equation, and (d) a 0:
Plot the datn nlong with all the curves. Is nlly one of tb::- • 
surerior? Tf so, JUSLify. 
17.15 Fit a cubic equation to thc following data: 

x I 3 4 5 7 8 9 I I  1 2  

Y 1 .6 3.6 4.4 3.4 2 2  2.8 3 .8 4.6 

AJong with the coeftidents, determjne )'2 und Syfx' 
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,Ie linear regression to fit 

2 2 3 3 4 4 
2 2 2 2 

127 25 6 20.5 35. I 29.7 45.4 40.2 

ficients, the standard error orthe estimate. and the 
:ient. 
,Ie Jine.1r regression to fit 

I 2 0 2 2 
2 4 4 6 6 2 
I I  1 2  23 23 1 4 6 I I 

ficienls, the standard error of the est imale, and the 
�iellt. 
leaf regre�sion 10 fit 11 parabola (0 the following 

0.8 1 . 2 1 .7 2 2.3 
1 000 1 200 2200 2650 3750 

near regression to fit a smurmion-growth-rme .!a in Prob. 17. 14. 
! the regression fits from Probs. (a) 17.4, and (b) 
omTi;\; approach. Estimate the standard errors and 
fidence imervats for the coefficieniS. 
iebug, and test a program in either a high-level 
) language of your choice 10 implement linear TC
other things: (a) include statements to document 
:letcrminc the standard error and the coefficient of 

is tested for cyclic flltiglle failure whereby a 
applied to the materiul lind the number of cycles 
failure is measured. The results ure in the tablc 
g-Iog plot of stress versus cycles is gencrated, the 
:t linear relationship. Use least-squares regression 
�I-fil equation for Ihis data. 

1 0  1 00  1 000 10,000 1 00,000 1 ,000,000 

1000 925 800 625 550 420 

·in8 datu shows the relationship between the vis
oil and temperature. After taking the log of the 

gression to find the equation of the line that beSt 
le r2 value. 

1 26.67 93.33 1 48.89 3 1 5.56 
0.085 0.0 1 2  0.00075 1 .35 

473 

17.24 The data below represents the bacterial growth in a liquid 
culture over a number of days. 

!loy o 4 8 1 2  1 6  20 
Amount x 106 67 84 98 1 25 1 49 1 85 

Find a best-fit equlltion to the data trend. Try several possibil ities
linear. parabolic. and exponential. Use the software package of 
your choice to find the best equation 10 predict the amount of 
bacteria after 40 days. � 
17.25 The concentration of E. coli bacteria in a swimming area is 
monitored after a storm: 

c (CFUj l 00 ml) 1 590 
8 

1 320 
1 2  ., 1 6 

1 000 900 
20 24 

650 560 

The time is measured in hours following the end of the stann and 
the unit CFU is a ··colony forming unit." Usc this datu to estimate 
(n) the concentration at the end of the storm (t = 0) and (b) the time 
at which the concentration will reach 200 CFU/IOO mL. Note thaI 
your choice o f  model should be consistent with the fact that nega
tive concentrations are impossible and that the bacteria concentra
tion always decreases wilh lime. 
17.26 An object is suspended iii a wind tunnel and the force mea
sured for various levels of wind velocity. The results are tabulaled 
below. 

Y. mh 20 30 40 50 60 70 80 
F, N 70 380 550 6 1 0  1 220 830 1 450 

Use least-squares regression to fit this data with (8) a straight line, 
(b) a power equation based on log Imllsformations, and (c) a power 
model based on nonlinear regression. Display the results graphically. 
17.27 Fit a power model 10 the data from Prob. 17.26. but use 
natural logarilhms to perfonn the trflnsfonnuUons. 
17.28 Derive the least-squares fit of the following model: 

y = alx + alx1 + e  
That is. determine the coefficients that results in the least-squares 
fit for u second-order polynomial with a zero intereept. Test the 
approach by using it to fit the data from Prob. 17.26. 
17.29 In Prob. 17.12 we used transformations to linearize und fit 
the following model: 

y = (14Xe�x 
Use nonlinear regression to estimme a4 and /h based on the fol
lowing datu. Develop a plot of your fit along with the data. , I 0. 1 0.6 0.9 1 . 3  1 .5 1 . 7  1 . 8 0.2 0.4 

1 .25 1 .45 1 . 25 0.85 0.55 0.35 0.28 0. 1 8  


